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ABSTRACT 
Shrinkage cracking is a predominant deterioration mechanism greatly affecting the 
durability and integrity of concrete structures. This is especially the case for concrete bridge decks 
due to the large surface-to-volume ratio of these types of structures, which results in a high rate of 
moisture loss from the exposed surface. An extensive body of literature suggests that pre-soaked 
lightweight aggregate (LWA) is greatly beneficial for curing concrete internally and reducing 
autogenous shrinkage by providing additional water reservoirs for the mixture. However, the 
literature on the effect of LWA on drying shrinkage is limited. Therefore, the main objective of 
this work is to improve our understanding of the influence of LWA on microstructure development 
and shrinkage of mortar and concrete mixtures in an unsealed condition.  
The effect of LWA on drying shrinkage under different boundary conditions is examined. 
By varying the number of faces exposed to the surrounding unsaturated environment, the severity 
of drying condition is altered and its effect on drying shrinkage of internally cured mixtures is 
studied. The efficiency of LWA in reducing drying shrinkage is shown to be significantly 
dependent upon the severity of the drying condition, and the duration and type (sealed versus 
moist) of external curing. The effect of sample size on the efficiency of LWA in reducing drying 
shrinkage is also studied. It is shown that incorporation of LWA to internally cure concrete may 
be an inadequate shrinkage compensating strategy, particularly in a severe drying condition. 
Nonetheless, internally cured mixtures exhibited a denser microstructure which can be 
advantageous in terms of durability. 
An attempt was made to design a low-shrinkage internally cured mixture using expansive 
cement. The expansive nature of Calcium Sulfoaluminate (CSA)–based cements can be used to 
enhance the resistance against shrinkage cracking by inducing compressive stress in concrete. It is 
shown that combining CSA with internal curing is mutually beneficial; ordinary Portland cement 
(OPC)–CSA mixtures show increased hydration of CSA and a denser microstructure when LWA 
is added to the mixture. Furthermore, the addition of CSA to the mixtures with LWA results in a 
positive deformation even in an unsealed condition.  
Moreover, moisture movement in internally cured cement-based materials is modeled 
using diffusion equation to better understand the characteristics of LWA that influence its 
effectiveness. A two-dimensional diffusion equation in Cartesian coordinates is used to model 
moisture movement inside cement-based materials. After defining the governing equation and 
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verifying its various components, the model is solved analytically. The output of the model is 
compared with experimental measurements of moisture loss and local moisture content to ensure 
the accuracy of the model. Influence of absorption and desorption characteristics of LWA on its 
effectiveness in resaturating the emptied pores is then studied using the model. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
iv 
ACKNOWLEDGEMENTS 
Foremost, I would like to thank my advisor Associate Professor Paramita Mondal whose 
support and valuable guidance made my thesis work possible. She has been actively interested in 
my work and has always made the time to advise me. I am very grateful for her patience, 
motivation, enthusiasm, and immense knowledge, which, taken together, makes her a great 
mentor.  
Many thanks to my committee members, Professor David A. Lange, Professor John S. 
Popovics, and Professor Jeffery R. Roesler, for taking an interest in my research topic and taking 
the time out of their busy schedule to serve on my thesis committee.  
This work would have been impossible without the support of Illinois Department of 
Transportation through Illinois Center of Transportation. The feedback of all IDOT personnel 
specially James M. Krstulovich, Jr. and Dr. Daniel Tobias during the course of the project is really 
appreciated. 
The staff of the Civil Engineering Department, especially Timothy Prunkard and Jamar 
Lentriel Brown (the Machine Shop personnel) and Joan Etta Christian (the graduate program 
coordinator), all deserve recognition for their patience, helpful attitude, and immense support in 
numerous circumstances.   
The burden of writing this thesis was lessened substantially by the support of my friends, 
Hossein Motevaselian, Amirhossein Kohanpoor, Bardia Heidari, Setare Hajarolasvadi, Parisa 
Karimi, Kia Fallah and many more, who always took the time in their busy schedule to assist me 
with my problems.  
I had the pleasure of working alongside many talented people in my research group such 
as Robbie M Damiani, Palash Badjatya, Piyush Chaunsali, Di Wu, and Will Hunnicutt. They 
always came up with critical questions and constructive advice to improve my research and I am 
immensely thankful for their effort.  
I would have lived a different life if my parents, Mohammadali Ardeshirilajimi and Sima 
Dehghannezhad, did not believe in me, my curiosity, and my ambitions. They gave me every single 
thing I needed to succeed, and I am forever thankful to them.  
 
 
v 
But far from home, away from the loving arms of my family, I could not keep on going 
without the love of my life, Mehrasa Arian. Words cannot express how grateful I am for all the 
sacrifices she has made for me to help me get where I am today. 
 
 
 
 iv
 مردﺎﻣ ﻪ' ﻢ$ﺪﻘﺗ
 ﺪﻨﮐ ﻦﺷور ار ﺶ>اﺪﻧزﺮﻓ ەار ﺎﺗ ﺖﺧﻮﺳ 4ﻤﺷ نﻮﭼ ﻪﮐ 
  
 
 
vii 
TABLE OF CONTENTS 
 
Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  viii 
Chapter 1   Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
Chapter 2   The Effectiveness of Pre-soaked LWA in Reducing Drying Shrinkage . . . . . . . . .  5 
Chapter 3   The Effect of Pre-soaked LWA on Volume Stability and Microstructure 
Development of OPC–CSA Mixtures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  27 
Chapter 4   Modeling Moisture Diffusion in Internally Cured Cement-Based Materials . . . . 50 
Chapter 5   Conclusions and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  102 
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  106 
Appendix A: Analytical Solution of the Developed Model . . . . . . . . . . . . . . . . . . . . . . . . . . .  113 
Appendix B: MATLAB Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
viii 
Notations 
 
Symbol Definition Units 
𝑀"#$	 Amount of required LWA 𝑘𝑔𝑚)	
𝐶+	 Cement content 𝑘𝑔𝑚)	𝐶𝑆	 Chemical shrinkage -	
𝛼/01	 Maximum degree of hydration -	𝑆𝐷	 Saturation degree -	
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𝐷	 Diffusion coefficient 𝑚4𝑠 	
𝐻	 Sink term denoting the loss of water due to hydration 𝑘𝑔𝑚)𝑠	
𝐷(𝑡)	 Moisture diffusivity function 𝑚4𝑠 	
∅(𝑥, 𝑦, 𝑡)	 Source term 𝑘𝑔𝑚)𝑠	
𝐻(𝑡, 𝐶)	 Sink term function 𝑘𝑔𝑚)𝑠	
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𝑘′	 Convective moisture transfer coefficient or the surface factor 𝑚𝑠 	
𝐶D	 Surface moisture content 𝑘𝑔𝑚)	
𝐶∗	 Ambient moisture concentration 𝑘𝑔𝑚)	
𝛼, 𝛼D	 Source term’s arbitrary parameter 𝑘𝑔𝑚𝑠	
𝛽, 𝛽D	 Source term’s arbitrary parameter 1𝑠	(𝑥H, 𝑦H),	(𝑥DH, 𝑦DH)	 Location of the source term in the domain -	
𝑓(𝑡)	 Hydration term’s time-dependent function 1𝑠	
𝑙, 𝑗, 𝑗, 𝑘	 Hydration term’s arbitrary parameters 1𝑠	
𝑏	 Diffusivity function’s arbitrary parameters 𝑚4𝑠 	
𝑚	 Diffusivity function’s arbitrary parameters 1𝑠	𝑁	 Number of source terms in the domain -	
𝑆	 Source term’s designated number, from 1 to N -	
𝜇	 Zeros of the boundary condition trigonometric equation 1𝑚	𝐷𝑜𝐻(𝑡)	 Degree of hydration at time t -	
𝑊Q	0R	R	 Non-evaporable water content at time t 𝑘𝑔	𝑊Q	0R	S	 Non-evaporable water content at 𝑡 = ∞ 𝑘𝑔	
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Chapter 1 
Introduction 
1.1 Motivation 
Shrinkage cracking in concrete bridge decks is a widespread problem throughout the 
United States [1]. The development of transverse cracking allows deicing chemicals to reach the 
reinforcing steel, causing corrosion, which is the primary reason for bridge deck replacement [2]. 
As the structure ages, the cracks propagate further through the full thickness of the deck, speeding 
up the degradation of the reinforcement, therefore, dramatically reducing the service life of the 
structure. Allowing water to penetrate into the concrete can also increase the possibility of freeze-
thaw deterioration.  
Generally, transverse cracks occur when a restrained mass of concrete changes its volume. 
Besides plastic shrinkage which occurs in the first few hours, autogenous and drying shrinkage are 
the major shrinkage mechanisms threatening the integrity of concrete structures. Autogenous 
shrinkage is caused by the self-desiccation (or internal drying) that occurs when cement hydrates 
[3], and it increases with a decrease in the water-to-cement (w/c) ratio [4]. On the other hand, 
drying shrinkage is a result of external moisture loss due to exposure to an unsaturated environment 
[5]. Therefore, concrete bridge decks are highly susceptible to drying shrinkage cracking due to 
their high surface-to-volume ratio, which results in a high rate of moisture evaporation from the 
exposed surface. 
The NCHRP 380 report [6] included a survey sent to all departments of transportation 
(DOTs) in the United States to evaluate the extent of the problem of bridge deck cracking. More 
than 60% of the agencies acknowledged transverse cracking due to shrinkage to be problematic. 
Moreover, it was also reported that half of the bridges in the United States develop cracking at 
early ages. Throughout the state of Illinois, transverse cracks at fairly regular intervals at both the 
positive and negative moment regions of bridge decks are commonly observed. 
The great extent to which shrinkage cracking occurs in bridge decks demands an 
improvement in bridge deck designs. The most feasible and economical way to address this 
problem is by approaching it from the materials side, i.e. reducing the shrinkage susceptibility of 
concrete by manipulating the mixture proportion and design. 
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Several strategies for reducing the susceptibility of concrete to shrinkage cracking has been 
introduced in the past [7]. A few widely used strategies are listed below: 
1.1.1 Shrinkage reducing admixtures 
Shrinkage reducing admixtures (SRAs) are chemical admixtures that when mixed in water 
reduce the surface tension of water or the pore fluid inside concrete [8]. This results in lower 
capillary stresses when concrete dries due to evaporation or self-desiccation. It is generally 
believed that SRAs are capable of reducing the extent of drying shrinkage in concrete by up to 
50% [9]. The positive effect of SRAs on autogenous and plastic shrinkage of concrete is also 
reported in the literature [10, 11]. Therefore, SRAs are used to reduce the susceptibility of concrete 
to early age shrinkage cracking. 
1.1.2 Lightweight aggregates 
Lightweight aggregates (LWAs) are porous in nature with a high capacity for water 
absorption compared to normal weight aggregates. In the past few decades, several studies 
explored the use of presoaked LWA to provide extra water for curing concrete internally to 
mitigate the effects of self-desiccation and to reduce autogenous shrinkage [12, 13, 14]. Curing 
concrete internally can be more effective than conventional external curing methods because water 
can be provided throughout the cross-section of the concrete as compared to only the surface. It 
has also been reported that a well-dispersed, saturated LWA in concrete can protect the entire 
mixture from self-desiccation [14]. 
1.1.3 Expansive cements 
One method of mitigating the damage due to drying shrinkage is using calcium 
sulfoaluminate (CSA) cements that cause an early-age (first few days) expansion in the mixture 
[15]. If the concrete is restraint, the tendency to expand at early ages results in the development of 
compressive stress that then counteracts the built-up tensile stress due to drying shrinkage [16]. 
Therefore, when expansive cements are used, the net shrinkage is reduced due to the early-age 
expansion which in turn reduces the susceptibility to shrinkage cracking.  
1.2 Research objectives  
The benefit of LWA in reducing autogenous shrinkage is well established in the literature. 
However, internal curing’s efficiency in drying environment is still not well understood in 
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previously published research. Therefore, the focus of this thesis is the use of pre-soaked LWA as 
an internal curing agent and understanding its effect on drying shrinkage of cement-based 
materials. It is hypothesized that the rate of moisture loss from samples in unsealed conditions 
greatly affects the desorption rate of LWA which in turn controls the microstructure development 
and shrinkage. Consequently, the effect of rate of moisture loss from the sample on drying 
shrinkage, porosity, non-evaporable water content is studied. The effect of curing method and 
duration and sample size on the efficiency of LWA in reducing drying shrinkage is also studied. 
In order to design a volumetrically stable mixture with LWA, the potential of internally curing 
ordinary Portland cement (OPC)–CSA binary mortar and concrete mixtures is examined. The 
influence of LWA addition on deformation and microstructure development of OPC–CSA binary 
mixtures is investigated by studying drying and autogenous shrinkage, porosity, compressive 
strength, and dynamic modulus of elasticity. To better understand the influence of LWA in OPC–
CSA binary mixtures, the extent of early-age expansion of such mixtures is linked to the measured 
ettringite content, paste porosity, and dynamic modulus. To study the effect of desorption rate of 
LWA on its efficiency to resaturate the emptied pores a two-dimensional diffusion model with a 
source term describing the desorption of moisture from LWA to surrounding paste matrix is 
developed. The model is solved analytically and verified experimentally by measuring total 
moisture loss and bulk and local moisture contents. The developed model is also used to better 
understand the nature of moisture movement in internally cured cement-based materials. 
1.3 Thesis organization 
This research presented in this dissertation is separated into four chapters. Chapter 2 
discuses the influence of LWA on volume stability and susceptibility to shrinkage cracking of 
mortar and concrete mixtures in unsealed conditions. The importance of severity of drying 
condition, curing method and duration, and sample size on the efficiency of LWA to reduce drying 
shrinkage is also studied in Chapter 2. Chapter 3 investigates the potential of using LWA to 
internally cure OPC–CSA binary mortar and concrete mixtures. The possibility of promoting CSA 
hydration, which results in a reduction of drying shrinkage and creates a denser microstructure, 
though the use of LWA is investigated in this chapter. Chapter 4 focuses on the modeling of 
moisture diffusion and moisture loss in internally cured cement-based materials using partial 
differential equations. A two-dimensional diffusion equation in Cartesian coordinates has been 
used to model the moisture diffusion inside cement-based materials. A time-dependent source term 
 
 
4 
has been added to the model to simulate the desorption of moisture from pre-soaked LWA to 
surrounding paste matrix. Finally, Chapter 5 presents conclusions and future work of this thesis. 
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Chapter 2  
The Effectiveness of Pre-soaked LWA in Reducing 
Drying Shrinkage 
2.1 Introduction 
This chapter focuses on the effectiveness of pre-soaked LWA in reducing drying shrinkage. 
A literature review on shrinkage mitigation potential of LWA is presented and the main hypothesis 
of this chapter is developed based on the knowledge gaps in the literature. Following the main 
hypothesis, a thorough experimental plan is designed to study the influence of severity of drying 
condition and external curing type and duration on the effectiveness of LWA in reducing drying 
shrinkage.  
2.1.1 Current knowledge on internal curing and shrinkage mitigation potential 
of LWA 
2.1.1.1 Internal curing motivation 
Several traditional external curing techniques are still being used in the concrete industry 
such as ponding, fogging, misting, and using wet burlap [17]. For high-performance concrete or 
general concrete mixtures with relatively low water-to-cement ratios, capillary porosity becomes 
isolated only after a few days of hydration [18]; therefore, the traditional curing methods may be 
ineffective for such mixtures. It has been reported that the water provided externally can only 
penetrate a few millimeters into the concrete [19]. Traditional external curing is therefore 
ineffective in curing the entire body of concrete uniformly. On the other hand, internally curing 
the mixture through the use of pre-soaked LWA can ensure supply of water across the cross-section 
of the concrete [20]. Given a proper spatial distribution of LWA, this internal supply of water 
promotes cement hydration and reduces porosity and permeability [13]. 
2.1.1.2 Characterizing LWA for internal curing 
The amount of water required in LWA to successfully mitigate self-desiccation is usually 
determined based on the extent of chemical shrinkage of the cement paste. The following equation 
provided by Castro et al. [20] is generally used to determine the amount of required LWA in the 
mixture: 
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𝑀"#$ = 𝐶+ × 𝐶𝑆 × 𝛼/01𝑆𝐷 × ∅"#$456 × 𝜓 2 – 1 
where 𝐶+ WXY/Z[ is the cement content of the mixture, 𝐶𝑆 W Y	\+	]0R^_Y	\+	`^/^QR[ is the chemical shrinkage of 
the binder at 100% reaction, 𝛼/01  (0 to 1) is the maximum degree of hydration, 𝑆𝐷  is the 
saturation degree based on the 24-hour absorption, ∅"#$456 W Y	\+	]0R^_Y	\+	a_b	"#$[  is the 24-hour 
absorption of LWA, and 𝜓 (0 to 1) is the fraction of water released from the LWA at high relative 
humidity (RH). For a w/c ratio of 0.36 or higher, 𝛼/01 is expected to be 1 and for a lower w/c 
ratio 𝛼/01 = ]/`H.)e [21]. Moreover, chemical shrinkage can be obtained theoretically as proposed 
by Bentz et al. [21]. 
The ability of LWA to absorb, retain, and release water can be quantified by measuring its 
absorption and desorption characteristics. ASTM C1761/C1761M – 17 [22] provides standard 
methods of quantifying the absorption and desorption capacity of LWA. It should be noted that 
the absorption of LWA is time-dependent; i.e. the amount of absorbed water in LWA increases as 
the submersion time under water is increased. In the literature, the 24–hour absorption of LWA is 
generally used. A time-dependent absorption of more than 20 different types of LWA that are 
commonly used throughout the United States is presented by Castro et al. [20] and it was shown 
that the 24-hour absorption of LWA can range from 6.0% to 30.5%. Moreover, for LWA to be 
suitable for internal curing, its absorbed water should be readily available for surrounding paste 
matrix at high relative humidities. ASTM C1761/C1761M – 17 [22] provides a method of 
determining the desorption capacity of LWA at different relative humidities, using salt solutions. 
It is reported that more than 90% of the absorbed water in LWA is released at high relative 
humidities [22]. 
2.1.1.3 Shrinkage mitigation potential of LWA 
Shrinkage in concrete occurs mainly due to capillary pressure inside the pores of cement 
paste as described in an equation developed by Mackenzie [23] and later modified by Bentz et al. 
[24]. Loss of unbound or evaporable moisture (whether internally due to uptake of water by 
unhydrated cement particles, i.e. self-desiccation, or externally due to evaporation) forms curved 
liquid-vapor menisci [25, 26]. These menisci create a negative pressure inside the liquid phase 
which can lead to bulk shrinkage. An effective way of reducing shrinkage of concrete is to reduce 
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the amount of water loss from the mixture; hence, the intuitive benefit of using pre-soaked LWA 
to provide extra moisture reservoirs for the mixture to replace the lost water. 
Several studies have indeed confirmed the effectiveness of LWA in reducing autogenous 
shrinkage under sealed curing condition [26, 27, 28, 29]. In all these studies, a portion of fine 
aggregate in a control mixture was replaced with pre-soaked LWA to maintain the total aggregate 
volume fraction constant, and then autogenous shrinkage of the new mixture was compared with 
that of the control mixture. As a result of adding LWA to the mixture, a slower drop in internal 
RH and a reduction in autogenous shrinkage was observed. In real-world cases, however, 
hydration and surface drying (moisture loss to environment) happens simultaneously, therefore, 
autogenous shrinkage might not fully represent concrete’s susceptibility to shrinkage cracking. 
The effect of internal curing using pre-soaked LWA on drying shrinkage of concrete is 
controversial in the literature. Some authors reported a reduction in drying shrinkage as a result of 
adding LWA to the mixture [26, 27, 30, 31, 32], and others reported an increase in drying 
shrinkage, a reduction in internal RH, or an increase in the extent of shrinkage induced cracking 
[33, 34, 35, 36, 37]. 
2.1.2 Knowledge gaps and core hypothesis 
Based on the current knowledge, the role of LWA on drying shrinkage of mortar and 
concrete is not well understood. For evaluating the behavior of pre-soaked LWA in unsealed 
conditions, several aspects need to be carefully considered. Since the pores in LWA are generally 
larger than that of cement paste and larger pores tend to empty first, it is believed that in an 
internally cured concrete, evaporation first occurs from LWA pores [38]. It is therefore argued that 
this “sacrificial” behavior of LWA may prevent a rapid reduction in internal RH and subsequently 
result in a reduction of drying shrinkage [27]. Figure 1 shows a schematic of the concept of pore 
re-saturation using the water absorbed in LWA. In sealed conditions, LWA must replenish the 
pores that empty due to self-desiccation. On the other hand, in unsealed conditions, moisture loss 
also occurs due to evaporation. Since LWA’s pore size distribution is generally larger than that of 
cement paste, the water in LWA is more vulnerable to evaporation. Therefore, the efficiency of 
LWA to re-saturate the emptied pores might be affected by the rate of evaporation. 
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Figure 1. Schematic of the pores in LWA and cement paste; r1 through r3 represent the relative menisci radius 
formed in different specimens– taken from [27] 
Moreover, it should be noted that only minutes after mixing is performed the measured 
internal RH of the mixture is lower than 100% due to presence of dissolved salts in pore fluid [39]. 
Therefore, LWA starts to give away its internal moisture even before the mixture has reached the 
initial set time, which evidently, increases the effective w/c ratio of the mixture. This increase in 
the w/c ratio results in higher porosity and larger pore size distribution at early-age, making it 
easier for the moisture to escape from the mixture. Therefore, a mix containing pre-soaked LWA 
may end up losing higher amount of mixing water to surrounding environment and may be more 
susceptible to shrinkage cracking due to drying. 
It is widely accepted that internal curing increases the internal RH of concrete [40, 41, 26, 
39, 42]. In all these studies, internal RH of concrete with LWA is measured at a pre-specified depth 
and the obtained results are compared with that of the control mixture without LWA. However, it 
should be noted that when exposed to drying, concrete undergoes an internal RH gradient along 
its cross-section. While the exposed surface is greatly affected by loss of moisture, the core of the 
sample is mostly affected by self-desiccation. According to Wei et al. [37], the depth of the drying 
front (defined as the depth at which the mixture is considerably affected by drying) is 1 inch or 
less for conventional concrete mixtures. An internal RH gradient leads to a higher shrinkage of the 
drying face as compared to the core of the material. Due to the prevention or restraint of shrinkage 
(whether internally or externally) the drying face of the material is not able to shrink more than 
the wet core. Consequently, concrete experiences shrinkage induced stresses which can lead to 
shrinkage cracking. It is therefore evident that any modification of concrete mix design causing 
greater internal RH gradients, may lead to higher shrinkage induced stresses and increased 
cracking susceptibility. It has been reported in the literature that incorporation of LWA results in 
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increasing the internal RH of the core of the sample, while reducing the internal RH of the near 
exposed surface [37]. 
It is also reported that drying shrinkage of internally cured concrete depends significantly 
on the size of the sample [43, 44]. It has been reported that small samples (50 mm × 50 mm × 200 
mm) with LWA show higher drying shrinkage as compared to control samples (without LWA) 
while the opposite was observed for larger samples (100 mm × 100 mm × 400 mm and 150 mm × 150 mm × 600 mm) [43, 44]. Since the inability of LWA in reducing drying shrinkage is only 
observed in rather small samples, its practical significance may be less apparent; however, sample 
size determines the exposed surface to volume ratio which in turns affects the rate at which 
moisture is evaporated from the mixture. Moisture evaporation rate is a key factor influencing the 
behavior of a mixture with LWA in a drying environment. Therefore, one can argue that the 
effectiveness of LWA in reducing drying shrinkage is altered by more fundamental parameters 
such as the rate of moisture loss and severity of drying condition that are relevant for field 
condition rather than just sample size and hence, should be thoroughly studied. 
Core hypothesis: 
It is hypothesized that the rate of moisture loss from concrete in unsealed conditions greatly 
affects the desorption rate of LWA, which in turn controls the microstructure development 
and shrinkage. Therefore, the rate of moisture loss from concrete may be a controlling 
factor in determining the efficiency of LWA to reduce drying shrinkage.  
2.1.3 Research objectives 
The primary objective of this chapter is to determine how pre-soaked LWA can influence 
volume stability and susceptibility to shrinkage cracking of mortar and concrete mixtures in 
unsealed conditions. According to the core hypothesis, the plan of study was developed to 
investigate the influence of moisture evaporation rate on microstructure development and 
shrinkage of internally cured mortar mixtures. The following is a list of intermediate objectives to 
be used in governing a reliable conclusion: 
• Contribution of severity of drying condition: 
Ø The severity of drying condition is an important factor governing the rate of 
moisture loss from concrete. Several factors can influence the severity of drying 
condition in the field such as, ambient RH, ambient temperature, and wind velocity. 
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In this work, the severity of drying condition is modified by simply changing the 
exposure condition of the samples. The obtained results were utilized to determine 
the validity of the core hypothesis. 
• Contribution of external curing type and duration: 
Ø The importance of curing for conventional concrete due to its benefits on 
microstructure development and shrinkage is a widely–accepted notion. This is also 
valid for internally cured concrete. By externally curing concrete mixtures that 
contain pre-soaked LWA, the rate of desorption of water from LWA to surrounding 
paste matrix is reduced. Therefore, water absorbed in LWA will be available longer 
to maintain internal RH and reduce shrinkage. It should be noted that external 
curing delays the onset of drying and allows for microstructure development in a 
saturated environment. Therefore, the exposed concrete will have a denser 
microstructure which can in turn reduce the rate of moisture loss from concrete. 
From this viewpoint, the obtained results were utilized to determine the validity of 
the core hypothesis. 
• Contribution of evaporable water content and total capillary porosity: 
Ø As mentioned previously, the primary cause of drying shrinkage is the loss of water 
from the paste matrix. The portion of the water available for evaporation is referred 
to as evaporable water. At the time of casting, all the water absorbed in LWA can 
be considered as evaporable water. As the sample ages, LWA desorbs its water, 
some of which reacts with unhydrated cement particles and becomes non-
evaporable. Therefore, microstructure development of internally cured concrete can 
be analyzed by measuring the evaporable and non-evaporable water content at 
different ages. Moreover, the rate of evaporation depends on total capillary porosity 
and pore size distribution of concrete. While LWA provides extra moisture 
available for evaporation, it can also promote cement hydration and make the 
concrete denser. It should be noted that evaporable water content and total capillary 
porosity can be regarded as internal factors which control the rate of moisture loss, 
as opposed to external factors discussed previously, namely, external curing and 
severity of drying condition. Therefore, the obtained results can be used in 
determining the validity of the core hypothesis. 
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2.2 Materials and methods 
Type I ordinary Portland cement (OPC) was used in this study. Quantitative X-ray 
diffraction (QXRD) analysis was performed to determine the mineralogical composition of OPC 
and the results are as follows, 62.2% C3S, 14.1% C2S, 9.9% C3A, and 5.4% C4AF. Natural sand 
with a specific gravity of 2.6, a fineness modulus of 2.7, and absorption of 1.7% was used. The 
LWA used in this study was an expanded shale LWA with specific gravity of 1.69 and 24-hour 
absorption of 15.5% by mass, based on ASTM C128-07 [45]. Moreover, 3-day and 7-day 
absorption of LWA was determined to be 17.7% and 19.2%, respectively. Pre-soaked LWA was 
prepared by adding 15.5% water to oven dried, air-cooled LWA at least 24 hours before mixing. 
Since the 24-hour absorption of LWA was determined to be 15.5%, the pre-soaked LWA is 
assumed to be in surface dry condition (SD). Desorption rate of pre-soaked LWA was also 
determined. Based on ASTM C128-07 [45], 95±1% of the absorbed water can escape from LWA 
pores at 94% RH. Therefore, almost all the internal curing water is available for the cement paste 
to be used to counteract self-desiccation. 
2.2.1 Mixture proportioning  
In order to distinguish between the mixing water and the water provided by LWA, the term 
“effective” w/c ratio is used throughout the rest of this chapter to refer only to the mixing water 
and the term “total” w/c ratio is used to refer to the mixing water plus the water provided by LWA. 
Two different w/c ratios of 0.34 and 0.44 were selected for this study to explore the effect of LWA 
on drying shrinkage in low and high w/c ratios. Besides a control mixture and a mixture with 
LWA, a third mixture for each w/c ratio was also prepared to represent the equivalent (total) w/c 
ratio considering the water provided by the LWA. For instance, the mixes prepared for 0.34 w/c 
ratio were; one with effective w/c ratios of 0.34 without any LWA, one with effective w/c ratios 
of 0.34 with 21% LWA in terms of total volume of the mixture, and one with effective w/c ratios 
of 0.42 without any LWA which represent the total w/c ratio of the mixes with LWA. Mixture 
proportions for the mortar samples are presented in Table 1. Each mix is designated by its effective 
w/c ratio and the total volume percentage of pre-soaked LWA. The total volume of aggregates 
(sand + LWA) in all the mixes was maintained constant at 55%. It should be noted that oven dried 
(OD) sand was used in the mixture for precise control over moisture content and extra water was 
provided to account for the water absorbed by the sand during mixing to achieve saturated surface 
dry condition. Mixing was performed according to ASTM C192-06 [46].  
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Table 1. Mixture proportions for mortar samples 
Materials Mixtures for 0.34 effective w/c ratio Mixtures for 0.44 effective w/c ratio 0.34_0% 0.34_21% 0.42_0% 0.44_0% 0.44_21% 0.54_0% 
OPC (lb/yd3) 1154 1154 1020 1002 1002 885 
OD sand (lb/yd3) 2371 1466 2371 2371 1466 2371 
Water (lb/yd3) 393 393 435 441 425 478 
SD LWA (lb/yd3) 0 666 0 0 666 0 
Extra water to bring sand 
to SSD (lb/yd3) 40 25 40 40 40 40 
Water provided by 
internal curing (lb/yd3) 0 100 0 0 100 0 
Effective w/c 0.34 0.34 0.42 0.44 0.44 0.54 
Total w/c 0.34 0.42 0.42 0.44 0.54 0.54 
 
2.2.2 Length change and mass loss measurement, curing methods, and exposure 
conditions 
Autogenous deformation of mortar samples during the first 24 hours was measured using 
corrugated tube protocol [47]. At least two corrugated tube samples were prepared for each mix. 
The use of corrugated tubes was necessary to capture the deformation that occurs at early ages. 
Besides corrugated tubes, 18 shrinkage prisms with dimensions of 25 mm × 25 mm × 285 mm for 
each mix were also prepared. All prisms were demolded after 24 hours and were either exposed to 
drying immediately after demolding or were cured for 3 or 6 days and were then exposed to drying. 
Curing was performed by either sealing the sample using aluminum tape or by submerging the 
samples under lime-saturated water. Drying of the samples was performed in an environmentally 
controlled room at 50% RH and 23°C. To adjust the severity of drying condition, the prisms were 
exposed to drying condition with different number of sides unsealed; four sides, two sides, or one 
side. For instance, for the one-side unsealed sample, aluminum tape was used to prevent drying 
from all the sides except the top surface of the sample. When drying is prevented from all the sides, 
except one, it is expected to experience lower rates of moisture loss to the environment compared 
to a sample with four sides unsealed. Figure 2 represents the sample designation. For instance, 
“2U3DW” sample refers to samples that underwent three days wet curing and were then exposed 
to drying with two sides unsealed and “2UNC” sample refers to two sides unsealed samples that 
were exposed to drying right after demolding at an age of 1 day. The length of each prism was 
measured using a comparator beginning right after demolding and then at ages of 4, 7, 11, 14, 21, 
and 28 days. The length change obtained from the corrugated tubes during the first 24 hours were 
then added to the average of the two prisms.  
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Figure 2. Sample designation; left: samples without any curing, right: samples with wet or sealed curing 
It should be noted that for one side unsealed samples, only the top surface was unsealed. 
Therefore, further verification of the results was warranted to ensure that the selected method of 
sealing the sample does not induce any unrestrained moisture curling [48]. Hence, as shown in 
Figure 3, samples with a similar exposed surface to volume ratio to that of one side unsealed 
sample were prepared using different sealing methods. It is evident that the nature of moisture 
movement inside the sample is different in the methods outlined in Figure 3. Using this technique, 
it was verified that the nature of moisture movement does not affect the obtained results and 
moisture curling is negligible for the samples studied in this work.  
 The selected method Alternative method #1 Alternative method #2 
Top view* 
  
 
Cross-section view* 
  
 
*Red color indicates the unsealed sections 
 
Figure 3. Different methods of sealing the samples with only one side unsealed  
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2.2.3 Measurement of capillary porosity 
Total capillary porosity of the mortar samples was measured using the solvent exchange 
method [49]. Cylindrical samples of 25 mm diameter were prepared and then slices of 1–2 mm 
height were cut using a low speed saw. The samples were then immersed in isopropyl alcohol for 
24 hours. Afterward, the samples were dried under vacuum in a desiccator. The difference in 
weight of the sample before and after drying in the vacuum was used to calculate the volume of 
capillary water. The total volume of the sample was determined by buoyancy method using 
isopropyl alcohol as the medium. Capillary porosity was determined as the ratio of total capillary 
pore volume and total sample volume. 
2.2.4 Measurement of non-evaporable water 
Non-evaporable water was measured using prisms with dimensions of 25 mm × 25 mm × 
285 mm (same dimensions as to shrinkage prisms in order to maintain a constant surface area to 
volume ratio). After demolding at age of one day, the samples were exposed to drying with four 
sides or one side unsealed. At the age of 7 or 28 days the samples were dried in an oven of 105°C 
until constant weight was reached. It was observed that after three hours the weight loss is less 
than 0.1%. The difference between the weights before and after oven drying is generally referred 
to as evaporable water [50, 51]. To be able to compare the amount of evaporable water between 
different mixes, the ratio of the weight of the evaporable water to the original weight of the 
unhydrated cement in the sample is reported here. Original weight of cement was determined using 
the sample’s original weight (before oven drying) and the mix design parameters. 
2.3 Results and discussions 
2.3.1 Understanding the effects of severity of drying  
Figure 4 and Figure 5 exhibit the results for length change of mortar samples for 0.34 and 
0.44 w/c, respectively, when no curing is applied, i.e. exposed to drying after demolding at the age 
of 1 day. For both Figure 4 and Figure 5, the data shown in figure (a), (b), and (c) are collected in 
exposure conditions of four sides, two sides, and one side unsealed, respectively. In Figure 4 
samples prepared using three different mixture compositions were used; a control mixture with an 
effective w/c of 0.34 without LWA, a mixture with an effective w/c of 0.34 with 21% LWA, and 
a mixture with an effective w/c ratio of 0.42 without any LWA. Similarly, in Figure 5 represents 
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a control mixture with an effective w/c of 0.44 without LWA, a mixture with an effective w/c of 
0.44 with 21% LWA, and a mixture with an effective w/c ratio of 0.54 without any LWA. 
Figure 4 and Figure 5 generally exhibit that drying shrinkage of a mixture is reduced when 
the exposure condition is less severe, i.e. less number of sides unsealed. This is expected as the 
number of unsealed sides of the sample governs the rate of moisture loss to the surrounding 
environment. Moreover, these figures exhibit the influence of w/c ratio on drying shrinkage. 
Bissonnette et al. [52] reported that the effect of w/c ratio on drying shrinkage in the range of 0.35 
to 0.5 to be relatively minor. On the contrary, some researchers observed a more significant 
influence of w/c ratio on drying shrinkage [53, 54, 55]. However, due to some fundamental 
differences in the experimental procedures (sample size, mix design, w/c ratio range, size gradient 
of materials used in the mixes, etc.) a direct comparison cannot be made. It is evident that the effect 
of w/c on drying shrinkage is slightly more prominent in a severe drying condition. This may be 
due to the fact that the diffusion rate of water increases with w/c ratio, therefore, the influence of 
severity of drying condition and rate of evaporation of water from the samples amplify the 
difference between the values obtained for the two w/c ratios. A somewhat analogous finding was 
reported in literature; a more pronounced difference in water loss between mixtures with different 
w/c ratios was observed when ambient wind velocity was increased [56]. 
In Figure 4 (a) and (b) the mix with LWA shows only slightly lower shrinkage than 
0.34_0% mix, and slightly higher shrinkage than 0.42_0% mix. However, the behavior changes 
when the exposure condition is changed to one side unsealed in Figure 4 (c), in which the mix with 
LWA shows slightly lower shrinkage than the other two mixes. Generally, Figure 4 exhibit that 
the advantage of using LWA in reducing drying shrinkage is more pronounced in milder drying 
conditions. This conclusion can also be drawn from the results presented in Figure 5. This change 
in behavior is shown in Figure 6 at which the length change and mass loss of 0.34_21% and 
0.42_0% mortar samples in different exposure conditions are plotted. It should be noted that these 
two mixtures have the same total w/c ratio, however, Figure 6 (b) shows that in a severe drying 
condition the mix with LWA loses more water than the 0.42_0% mixture, whereas the opposite is 
observed in a milder drying condition. It can be argued that in a severe drying condition when the 
rate of moisture loss is high, most of LWA’s absorbed water do not participate in cement hydration 
and is lost to unsaturated environment. This is mainly due to the fact that the absorbed water in 
LWA is stored in relatively larger pores and is therefore highly susceptible to evaporation. In 
contrast, in a milder drying condition possibly some of the water in LWA reacts with cement, 
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becomes part of the non-evaporable water and offers a denser microstructure due to the additional 
hydration.  
 
(a)  
 
(b)  
 
(c)  
Figure 4. Length change of (a) four sides unsealed samples, (b) two sides unsealed samples, and (c) one side 
unsealed samples, for 0.34 w/c ratio 
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 (a) 
 
 (b) 
 
 (c) 
Figure 5. Length change of (a) four sides unsealed samples, (b) two sides unsealed samples, and (c) one side 
unsealed samples, for 0.44 w/c ratio 
 
 
(a) 
 
(b) 
Figure 6. Results of 0.34_21% and 0.42_0% mortar samples with different exposure conditions, (a) Length 
change and (b) mass loss 
-1200
-1000
-800
-600
-400
-200
0
200
0 4 8 12 16 20 24 28
Le
ng
th
 c
ha
ng
e,
 m
ic
ro
str
ai
n
Age, days
0.44_21%_4UNC
0.44_0%_4UNC
0.54_0%_4UNC
-1200
-1000
-800
-600
-400
-200
0
200
0 4 8 12 16 20 24 28
Le
ng
th
 c
ha
ng
e,
 m
ic
ro
str
ai
n
Age, days
0.44_21%_2UNC
0.44_0%_2UNC
0.54_0%_2UNC
-1200
-1000
-800
-600
-400
-200
0
200
0 4 8 12 16 20 24 28
Le
ng
th
 c
ha
ng
e,
 m
ic
ro
str
ai
n
Age, days
0.44_21%_1UNC
0.44_0%_1UNC
0.54_0%_1UNC
-1200
-1000
-800
-600
-400
-200
0
200
0 7 14 21 28
Le
ng
th
 c
ha
ng
e,
 m
ic
ro
str
ai
n 
Age, days
0.34_21%_4UNC 0.34_21%_2UNC
0.34_21%_1UNC 0.42_0%_4UNC
0.42_0%_2UNC 0.42_0%_1UNC
-6
-5
-4
-3
-2
-1
0
0 7 14 21 28
M
as
s l
os
s, 
%
Age, days
0.34_21%_4UNC 0.34_21%_2UNC
0.34_21%_1UNC 0.42_0%_4UNC
0.42_0%_2UNC 0.42_0%_1UNC
 
 
18 
2.3.2 Understanding the effects of external curing 
Figure 7 (a), (b), and (c) present length change of 0.34 w/c ratio mortar samples when six 
days sealed or wet curing is applied before exposing samples to drying environments with four 
sides, two sides, and one side unsealed conditions, respectively. Likewise, Figure 8 shows the 
results for 0.44 w/c ratio. The results of 3 days curing were removed from the plots for brevity.  
Similar to the case at which no curing was applied, it is clear from Figure 7 and Figure 8 
that drying shrinkage of a mixture is reduced when the exposure condition is less severe (less 
number of sides unsealed). Contrary to the case of no curing, here the samples with LWA always 
show lower drying shrinkage as compared to other mixtures without LWA. This reduction is more 
prominent in the case of one side unsealed samples where more than 20% reduction in drying 
shrinkage values is observed when LWA is added to the control mixture. This exhibits the 
importance of using external curing in reducing drying shrinkage even when internal curing is 
incorporated.  
Comparing the length change measurements obtained from sealed or wet cured samples to 
the results obtained from samples that underwent no external curing, it can be observed that the 
benefit of using LWA in reducing drying shrinkage is more pronounced in the presence of external 
curing. This observation is in agreement with the main hypothesis. It can be argued that external 
curing promotes further hydration in a saturated environment and allows a denser microstructure 
development. As a result, the samples that undergo external curing should have a lower rate of 
moisture diffusion and moisture loss. Furthermore, lack of any moisture loss to the surrounding 
environment during the first six days is expected to cause slow release of moisture from LWA and 
increases the probability of this water to participate in cement hydration. This explains why the 
samples with LWA are benefiting more from external curing and showing greater reduction in 
drying shrinkage, as hypothesized previously.  
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(a)  
 
(b)  
 
(c)  
Figure 7. Length change of sealed and wet cured (a) four sides unsealed samples, (b) two sides unsealed samples, 
and (c) one side unsealed samples, for 0.34 w/c ratio 
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(a)  
 
(b)  
 
(c)  
Figure 8. Length change of wet cured (a) four sides unsealed samples, (b) two sides unsealed samples, and (c) one 
side unsealed samples, for 0.44 w/c ratio 
Table 2 compares the reduction in shrinkage due to LWA addition as a percentage with 
respect to the shrinkage of the control mixture without any LWA at 28 days for all the tested curing 
and exposure conditions. It should be noted that three days sealed curing (3DS) data is only listed 
in the table, and the shrinkage plots of these mixtures were not presented in the figures above for 
brevity. It can be seen from Table 2 that longer external curing and fewer number of sides unsealed 
will generally benefit LWA in reducing drying shrinkage. For example, compared to the control 
mixture, LWA is most beneficial in reducing drying shrinkage when six days curing is applied and 
one side is unsealed. Even though no direct measurement of moisture loss is presented in this work, 
it is obvious that both longer external curing and fewer number of sides unsealed reduces rate of 
moisture loss. Therefore, the results presented in Table 2 verifies the initial hypothesis which states 
that the rate at which moisture is evaporated from the mixture influences the efficiency of LWA 
in reducing drying shrinkage.  
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Table 2. Comparison of shrinkage for mixtures with and without LWA at 28 days  
0.34, 21% compared to 0.34, 0%  
 4 sides unsealed 2 sides unsealed 1 side unsealed 
No curing 5.5% 7.6% 10.0% 
3 days wet curing 9.3% 5.0% 16.5% 
6 days wet curing 13.9% 13.3% 21.3% 
3 days sealed curing 11.6% 17.2% 17.6% 
6 days sealed curing 11.7% 12.3% 21.7% 
0.44, 21% compared to 0.44, 0% 
 4 sides unsealed 2 sides unsealed 1 side unsealed 
No curing 0.0% 5.5% 12.3% 
3 days wet curing 2.4% 8.0% 23.2% 
6 days wet curing 6.3% 13.0% 29.5% 
2.3.3 Understanding the effects of sample size  
In the previous sections, it was shown that the severity of drying influences the efficiency 
of LWA in reducing drying shrinkage. Drying in concrete is a slow process which causes a 
moisture gradient in the cross-section of the samples. Since drying depends on pore structure and 
pore connectivity of concrete, it is understandable that the size of sample will affect the moisture 
gradient and hence the rate at which moisture is lost. To verify that the conclusions obtained from 
above are applicable to a real-world scenario, larger samples were prepared. By increasing the 
dimensions of the samples from 25 mm × 25 mm × 285 mm to 75 mm × 75 mm × 250 mm, the 
exposed surface to volume ratio for four sides unsealed sample was reduced from 4.2 to 1.5. 
Likewise, the exposed surface to volume ratio of one side unsealed sample was reduced from 0.04 
mm-1 (for small sample) to 0.013 mm-1 (for larger sample). It should be noted that for a typical 
bridge deck the top and bottom surfaces are exposed, and the thickness of the deck can range 
between 150 mm to 250 mm. Therefore, the exposed surface to volume ratio can be between 0.008 
mm-1 to 0.013 mm-1. Hence, 75 mm × 75 mm × 250 mm samples with one side unsealed, provides 
a more realistic view of real world scenarios.  
The length change results obtained for the samples with dimensions of 75 mm × 75 mm × 
250 mm are shown in Figure 9. Two mixtures of 0.34_0% and 0.34_21% are shown in Figure 9 
with two exposure conditions of four sides and one side unsealed. The samples were demolded at 
1 day and exposed to drying right after demolding. Similar to conclusions obtained for the small 
samples, it can also be seen here that reducing the number of sides unsealed benefits the LWA in 
reducing drying shrinkage, i.e. when LWA is added to the control mixture drying shrinkage is 
reduced by 4% and 23% for one side and four sides unsealed samples, respectively.  
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Figure 9. Length change of large mortar samples in different exposure conditions with no curing after demolding 
2.3.4 Relating total shrinkage with total moisture loss 
So far, the rate of moisture loss was altered by changing the severity of drying, 
implementing external curing, and increasing the size of the samples. In all cases, the results 
supported the initial hypothesis as the benefit of LWA in reducing drying shrinkage is clearly 
amplified when the rate of moisture loss is lowered.  
Besides the influence of the rate of moisture loss on shrinkage, the correlation between 
total shrinkage and total weight loss should also be discussed. Figure 10 describes the correlation 
between drying shrinkage at 28 days and weight loss at 28 days. For each mixture, the weight loss 
at 28 days has been normalized with respect to the total water at the time of casting. All the 
measured values for samples with or without curing, and different exposure conditions were 
included in the plot. One regression line for each mixture has been fitted to the data.  
It is clear from Figure 10 that a similar percentage of moisture loss results in lower 
shrinkage in 0.42_0% mix as compared to 0.34_0%. This can be explained by the fact that the 
water loss in 0.42_0% mix comes from relatively larger capillary pores as compared to 0.34_0% 
and hence causing somewhat lower shrinkage. The same logic can also be extended to 0.34_21% 
mixture, in which a large portion of the water loss comes from the pores inside LWA, hence 
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causing no shrinkage. Another factor that may influence the distinct behavior of different mixtures 
may be the effect of modulus of elasticity on length change. It has been reported previously that 
addition of LWA causes a reduction in modulus of elasticity [15, 30]. A reduction in modulus 
entails lower restraint provided by the aggregates to keep the paste matrix volumetrically stable 
which can cause an increase the extent of shrinkage. Unlike the trend discussed above, it is 
therefore expected from the mixture with LWA to exhibit a higher amount of shrinkage. 
Moreover, from Figure 10 it can be observed that at a higher percentage of moisture loss 
(more than 30%) LWA is not beneficial in reducing drying shrinkage. The benefit of LWA in 
terms of reducing drying shrinkage is more pronounced at lower percentage of moisture loss values 
(less than 20%), as the regression lines deviate from one another. This again relates to the influence 
of severity of drying condition and the rate of moisture loss on the behavior of LWA in reducing 
drying shrinkage.  
 
Figure 10. Drying shrinkage at 28 days versus weight loss with respect to total water at 28 days 
2.3.5 Effects of LWA on porosity and non-evaporable water content 
The effect of exposure condition on the influence of LWA in reducing drying shrinkage is 
further explored by examining total capillary porosity and non-evaporable water content at 
different ages. It is generally observed that when LWA is added to the mixture, total capillary 
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porosity increases. This is mainly due to incorporation of highly porous inclusions (LWA) into the 
mixture; LWA contains pores in the size range of or slightly larger than the largest capillary pores 
in cement paste [57]. However, it is believed that LWA can help in reducing the interconnected 
porosity of the paste matrix [58]. Similarly, studies have shown that the total capillary porosity is 
not a true indication of susceptibility of a mixture with LWA to fluid ingress since mixtures with 
LWA usually show a higher porosity but a lower sorptivity [57, 59]. Therefore, in this study, total 
capillary porosity of the paste matrix was calculated by subtracting the total pores in the aggregates 
from the measured total capillary porosity of the samples. A porosity value of 1.7% for sand and 
19.2% for LWA (based on 7–day absorption value) was used in this calculation. 
The results of calculated paste porosity based on the measured total capillary porosity is 
presented in Table 3. For measuring the porosity, three slices from two different samples were 
used. The variation between different measurements were generally less than 0.5%. It can be seen 
from Table 3 that 0.34_0% mixture shows a slightly lower paste porosity as compared to 0.34_21% 
at the age of 1 day. However, the opposite is observed for ages of 7 and 28 days. Therefore, it can 
be concluded that when the mixture with LWA undergoes external curing (which in this case is 
just sealed curing), some of the absorbed water in LWA pores will be utilized towards hydration 
of cement particles, therefore, making the mixture slightly denser. Although a lower porosity 
cannot be directly related to a lower amount of shrinkage – due to several unknown factors such 
as pore size distribution – it may be contributing towards the better performance of mixtures with 
LWA that undergo external curing as compared to when no external curing is applied.  It is 
understood that a denser mixture will have a lower moisture diffusion rate and therefore, under the 
same exposure condition it will show a lower rate of moisture loss. Therefore, according to the 
main hypothesis, the more pronounced benefit of LWA in reducing drying shrinkage when 
external curing is implemented can be associated with a lower rate of moisture loss from such 
mixtures.  
Table 3. Calculated paste porosity (based on the measured porosity) at different ages, in percentage of total volume 
Age/Curing method after day 1 0.34_0% 0.42_0% 0.34_21%  
1 day/- 15.00 18.14 15.61 
7 day/Sealed 10.84 13.48 10.15 
28 day/Sealed 9.73 11.82 8.02 
 
Moreover, Table 4 presents the amount of non-evaporable water content of different 
mixtures measured at different ages. It should be noted that no sealed curing has been performed 
on these samples. After demolding, the samples were exposed to drying environment with one side 
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or four sides unsealed, and the amount of non-evaporable water content was measured at the age 
of 7 and 28 days. From Table 4, it can be seen that the mixture with LWA shows a higher amount 
of non-evaporable water content at all ages. This behavior is expected since more water is available 
for the mix with LWA to be utilized towards cement hydration. The percentage of the increase in 
the amount of non-evaporable water content of 0.34_21% mix as compared to 0.34_0% is also 
shown in Table 4. It can be observed that at an age of 7 days, for four sides unsealed sample 14.6% 
increase in the amount of non-evaporable water content is observed when LWA is added to the 
control mixture. Additionally, the increase in non-evaporable water content is 17.1% for one side 
unsealed samples. Similarly, at 28 days, one side unsealed sample shows a higher increase in non-
evaporable water content as compared to four sides unsealed when LWA is added to the mixture. 
Therefore, the results presented in Table 4 verify the improved performance of LWA in milder 
drying conditions. It can be argued that mixtures with LWA show an improved performance in 
milder drying conditions since the water in LWA has more time to reach unhydrated cement 
particles, increase the non-evaporable water content, make the mixture denser, hence, provide 
extra constraint towards shrinkage. Additionally, a denser microstructure results in a lower 
diffusion rate and lower rate of moisture loss, hence, the water absorbed in LWA can more 
effectively reach the emptied pores to keep the mixture saturated to counteract drying shrinkage. 
Table 4. Non-evaporable water content/100 g of cement at different ages 
Mix 4UNC 1UNC Age: 7 days Age: 28 days Age: 7 days Age: 28 days 
0.34_0% 10.3 11.5 11.7 12.3 
0.34_21% 11.8 13.4 13.7 14.6 
% increase in non-evaporable 
water content when LWA is added  14.6 16.5 17.1 18.7 
2.4 Conclusions 
This chapter presented a detailed discussion of the effects of pre-soaked LWA on drying 
shrinkage of mortar samples. It was hypothesized that the rate of moisture loss from mortar 
samples in unsealed conditions greatly affects the desorption rate of LWA which in turn controls 
the microstructure development and shrinkage. To test this hypothesis the rate of moisture loss 
from samples to the environment was altered by varying the number of sides unsealed; four sides 
unsealed samples represent a severe drying condition and one side unsealed samples represent a 
milder drying condition. Two effective w/c ratios of 0.34 and 0.44 were tested. The main 
conclusions summarized below are consistent irrespective of the w/c ratio.  
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It was generally concluded that LWA is more beneficial in reducing drying shrinkage in 
milder drying conditions, i.e. when the rate of moisture loss from the mixture to the environment 
is lower. This was verified by two different methods, changing the number of sides unsealed and 
reducing the exposed surface to volume ratio by preparing larger samples. It was also observed 
that sealed curing can also amplify the benefit of LWA in reducing drying shrinkage.  
Based on the tested samples, a correlation between the total weight loss at 28 days and 
drying shrinkage at 28 days was achieved for each mixture. This correlation exhibits that some of 
the water lost from the mixture with LWA has little to no effect on drying shrinkage. 
The non-evaporable water content was measured at different ages for four sides and one 
side unsealed samples. Due to a higher total w/c ratio, the mixture with LWA always exhibits a 
higher amount of non-evaporable water content as compared to the control mixture. Moreover, it 
was noted that the increase in the amount of non-evaporable water content when LWA is added to 
the mixture was higher in milder drying conditions.  
When the drying condition is less severe, the drop in the internal RH is expected to be less, 
resulting in a reduced need for the water reservoirs inside LWA to give out moisture to the 
surrounding cement paste matrix. Therefore, a less severe drying condition is expected to cause a 
slower desorption rate of moisture from LWA to cement paste matrix. Hence, it can be argued, 
that in a similar exposure condition (same number of sides unsealed) if the LWA is manipulated 
somehow to have a slower desorption rate, drying shrinkage might be reduced further. This 
hypothesis is explored further in Chapter 4. The movement of water due to evaporation on the top 
surface inside internally cured cementitious materials is modeled using diffusion equation. After 
verifying the model experimentally, the desorption rate of water from LWA to surrounding paste 
matrix is altered and its effect on the local moisture content of the sample is studied. 
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Chapter 3  
The Effect of Pre-soaked LWA on Volume Stability 
and Microstructure Development of OPC–CSA 
Mixtures 
3.1 Introduction 
This chapter focuses on the effect of pre-soaked LWA on volume stability and 
microstructure development of OPC–CSA binary mixtures. A thorough experimental plan is 
designed to study the influence of LWA on shrinkage, capillary porosity, and stiffness of OPC–
CSA mortar mixtures. Moreover, the influence of internal curing on CSA hydration and ettringite 
formation was also studied using thermo-gravimetric (TG) analysis.  
3.1.1 Current knowledge on shrinkage mitigation potential of expansive cements 
An effective method of reducing drying shrinkage is using expansive cements such as 
calcium sulfoaluminate (CSA) which cause an early age (first few days) expansion in the mixture 
[60]. However, since CSA cements can expand substantively, its expansion is commonly 
controlled by blending it with ordinary Portland cement (OPC). The resultant OPC–CSA blend is 
referred to as “type k” cement [61]. When type k cement is used in concrete, the net shrinkage is 
reduced because of the early age expansion. If the concrete is restraint, the tendency to expand at 
early ages results in the development of compressive stress which can be utilized to counteract the 
built up tensile stress due to drying shrinkage [16].  
Ye’elimite (C4A3Sg, according to the cement chemistry notation in which C = CaO; A = 
Al2O3; Sg	= SO3, S = SiO2, F = Fe2O3, and H = H2O) is the main phase present in CSA cements 
along with belite (C2S), calcium sulfate (CSg), and ferrite (C4AF) [62]. Various kinds of cements, 
ranging from rapid–hardening to expansive, can be produced based on the amount of added 
gypsum [63]. The following equations represent the main hydration reactions in CSA cements 
[64]: 
𝐶5𝐴)𝑆̅ + 2𝐶𝑆̅𝐻4 + 34𝐻 → 𝐶e𝐴𝑆)̅𝐻)4 + 2𝐴𝐻) 3 – 1 
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𝐶5𝐴)𝑆̅ + 8𝐶𝑆̅𝐻4 + 6𝐶𝐻 + 74𝐻 → 3𝐶e𝐴𝑆)̅𝐻)4	 3 – 2  
As it can be seen from Equations 3 – 1 and 3 – 2, both reactions produce ettringite crystals. 
Furthermore, the following Equation 3 – 3 occurs when gypsum (CSgH2) is completely depleted, 
resulting in formation of monosulfate [65]: 
𝐶5𝐴)𝑆̅ + 18𝐻 → 𝐶e𝐴𝑆)̅𝐻r4 + 2𝐴𝐻)	 3 – 3  
When there is sufficient gypsum, ettringite (AFt) will from instead of monosulfate, 
according to Equation 3 – 2. According to Mehta [66], presence of portlandite results in the 
formation of smaller ettringite crystals which tend to be expansive due to their swelling 
characteristics. Another widely accepted hypothesis for the mechanism of expansion due to 
ettringite formation is crystallization stress theory [67, 68]. It has also been suggested that 
expansion occurs from simultaneous action of crystallization pressure due to the growth of 
ettringite crystals, and swelling pressure caused by water adsorption of tiny ettringite crystals [69]. 
3.1.2 Knowledge gaps and core hypothesis 
Based on Equation 3 – 1, the required w/c ratio to achieve complete hydration of ye’elimite 
is 0.78 [70], considerably higher than that of the OPC. Therefore, in order to successfully hydrate 
CSA cement, a considerably higher w/c ratio is required [71]. However, it is believed that 
increasing the w/c ratio (even in an OPC–CSA binder) will result in unfavorable effects on the 
properties of concrete such as lowering compressive strength and increasing porosity [72]. As an 
alternative to increasing the w/c ratio, pre-soaked LWA can be added to the mixture to provide the 
extra water for the hydration of CSA cement. The literature on the effect of LWA on microstructure 
development and shrinkage of OPC–CSA binders is quite limited. Therefore, there is a need to 
perform fundamental research to understand the influence of internal curing on CSA hydration in 
OPC–CSA binders. 
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Core hypothesis: 
It is hypothesized that curing OPC–CSA mixtures internally through the use of pre-soaked 
LWA promotes hydration of CSA cement, which in turn results in reducing autogenous and 
drying shrinkage. Moreover, promoting CSA hydration and ettringite formation by internal 
curing can also make the microstructure of the paste denser, which in turn results in 
reduction in porosity and increase in compressive strength. Part of the research objective 
in Chapter 2 is developed to verify the validity of this hypothesis. 
3.1.3 Research objectives 
This main objective of task is to examine the hypothesis that internal curing can promote 
CSA hydration in an OPC–CSA binder, which can in turn reduce drying shrinkage and create a 
denser microstructure. The following is a list of intermediate objectives to be used in governing a 
reliable conclusion: 
• Influence of internal curing on volume stability of OPC–CSA mixtures 
Ø Due to a limited number of research on this subject, effect of internal curing on 
length change of OPC–CSA mortar and concrete mixtures is studied to explore the 
potential of combining these two shrinkage mitigation strategies. 
• Influence of internal curing on microstructure of OPC–CSA mixtures 
Ø Internal curing can produce a denser microstructure by promoting cement 
hydration. Influence of internal curing on total capillary porosity and compressive 
strength of OPC–CSA mortar mixtures is studied to provide a better understanding 
of the mechanical properties of such mixtures. 
• Influence of internal curing on CSA hydration and ettringite formation 
Ø Ettringite formation due to CSA hydration is believed to be the main cause of early 
age expansion of CSA cement. Influence of internal curing on CSA hydration and 
ettringite formation is studied using TG analysis. Moreover, the importance of 
ettringite content in determining the extent of expansion is also explored. 
• Contribution of stiffness of the mixture 
Ø Stiffness is an important factor influencing the magnitude of shrinkage of concrete. 
It is empirical that an increase in material stiffness would result in a reduction in 
shrinkage, assuming that the driving force for shrinkage (capillary stress) is similar. 
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Moreover, the preliminary results of this work showed that the extent of expansion 
of OPC–CSA binders cannot be fully described by the amount of ettringite in the 
sample. Therefore, in this chapter a technique for exploring the effect of stiffness 
of the mixture on its volume stability is introduced. The objective of this task is to 
explore the influence of a change in stiffness (due to incorporation of LWA in the 
mixture) on the extent of expansion and shrinkage of OPC–CSA binders 
3.2 Materials and methods 
The materials used here is similar to the ones used in performing the experiments described 
in Chapter 2. Moreover, a commercially available CSA cement (sold as KSC Komponent by CTS 
Cement) were used in this study. Quantitative X–ray diffraction (QXRD) analysis was performed 
to determine phase composition of CSA cement and the results are presented in Table 5.  
Table 5. Mineralogical composition (mass fraction) of CSA cement 
Mineral CSA cement 
C2S 35.0 
C4AF 1.5 
Ye’elimite 19.4 
Gypsum 14.7 
Bassanite 9.4 
Anhydrite 16.3 
Periclase 0.9 
Calcite 2.8 
Total 100.0 
 
For the experiments described in this chapter, a w/c ratio of 0.34 was used for the control 
mixture. The total volume of aggregates (sand + LWA) in all the mixtures was maintained constant 
at 55%. A control mortar sample without CSA cement or LWA was prepared as a reference. In all 
the other mixtures, 15% of OPC was replaced with CSA cement and different dosages (in terms 
of total volume of the mixture) of pre–soaked LWA was added. Mixture proportions for the mortar 
samples are presented in Table 6. Similar to the notations used in Chapter 2, in Table 6, the 
effective w/c ratio pertains to the amount of water added during mixing (without accounting for 
the internal curing water) and the total w/c ratio accounts for all the water in the mixture, including 
the internal curing water. Moreover, the number following CSA represents the replacement 
percentage of OPC with CSA cement and the number following LWA represents dosage of pre–
soaked LWA added to the mixture in terms of percentage of total volume of the mixture. Since 
oven dried (OD) sand was used in the mixture, extra water was provided to account for the 
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absorbed water by sand during mixing in order to achieve an effective w/c ratio of 0.34. An 
additional mixture with 0.41 w/c ratio was also prepared. This mixture has the same total w/c ratio 
as CSA15LWA19.3. Therefore, comparing CSA15LWA19.3 and CSA15LWA0_0.41 will assist 
in determining the efficiency of internal curing as opposed to increased w/c ratio. 
Table 6. Mixture proportions for mortar samples 
Mixture CSA0 LWA0 
CSA15 
LWA0 
CSA15 
LWA6.4 
CSA15 
LWA12.9 
CSA15 
LWA19.3 
CSA15 
LWA0_0.41 
OPC, lb/yd3 1154 981 981 981 981 885 
CSA, lb/yd3 0 173 173 173 173 156 
OD sand, lb/yd3 2371 2371 2095 1815 1539 2371 
SD LWA, lb/yd3 0 0 182 368 550 0 
Mixing water, lb/yd3 433 433 428 423 419 469 
Water to bring sand to SSD, lb/yd3 40 40 36 31 26 40 
Water from LWA, lb/yd3 0 0 27 55 83 0 
Effective w/c ratio 0.34 0.34 0.34 0.34 0.34 0.41 
Total w/c ratio 0.34 0.34 0.36 0.39 0.41 0.41 
 
Mixing was performed according to ASTM C192–06 [46]. Autogenous deformation of 
mortar samples during the first 24 hours was measured using corrugated tube protocol [47]. At 
least two corrugated tube samples were prepared for each mixture. The variability between the 
results obtained from the corrugated tube sample was relatively low (less than 10%). Besides 
corrugated tubes, two prisms with dimensions of 25 mm × 25 mm × 285 mm for each mixture 
were also prepared. The prisms were demolded 24±1 hours after casting and were cured in lime 
saturated water for 7 days and then exposed (all sides) to 50% RH to measure the drying shrinkage. 
The variability between the results obtained from the prisms were also relatively low (less than 
5%). Furthermore, longitudinal dynamic modulus of mortar samples with dimensions of 40 mm × 
40 mm × 160 mm was monitored according to ASTM C215–14 [73]. 
Total capillary porosity of the mortar samples was determined using solvent exchange 
method [74]. Cylindrical samples of 25 mm diameter were prepared and then 1–2 mm thick 
sections were cut using a low speed saw. The samples were then immersed in isopropanol alcohol 
for 24±1 hours. Afterward, the samples were dried under vacuum in a desiccator. The difference 
in weight of the sample before and after drying in the vacuum was used to calculate the volume of 
capillary water. The total volume of the sample was determined by buoyancy method using 
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isopropyl alcohol as the medium. Moreover, compressive strength of mortar mixtures was also 
determined using 50 mm × 50 mm × 50 mm cubical samples. 
TG analysis was performed on 25 ± 2 mg powdered samples passing through #325 sieve 
using a TG analyzer. The powdered samples were obtained by first grinding the samples with a 
mortar and pestle and then crushing it into fine powder using a ball mill (8000D Mixer/Mill SPEX). 
It should be noted that TG analysis was performed on samples that were cured under sealed 
condition until the age at which they were tested. Moreover, the samples were treated with 
isopropyl alcohol to stop hydration and dried in a vacuum desiccator for 24 hours. For performing 
the TG analysis, the samples were heated in a nitrogen environment (flow rate: 60 mL/min) up to 
1000°C at a rate of 10°C per minute.  
In order to verify that the obtained conclusions are also valid for concrete mixtures and are 
not limited to mortar, concrete samples were also prepared and tested. A detailed mix design is 
presented in Table 7. Coarse aggregate used in this study was limestone with a nominal maximum 
size of 19 mm. The SSD specific gravity and absorption capacity for the coarse aggregate were 
measured to be 2.69 and 2.0%, respectively. The coarse aggregate was sieved into four ranges of 
particle sizes, 4.75–9.5 mm, 9.5–12.5 mm, 12.5–19 mm, and 19–25 mm and then mixed with 
specific proportions to meet the CA 7 gradation specified by Illinois Department of Transportation 
[75]. For each mixture three 75 mm × 75 mm × 254 mm restraint sealed prisms were prepared to 
measure autogenous deformation according to ASTM C878 [76]. A steel rod placed at the center 
with attached end plates provided a restraint against deformation. The prismatic samples were 
demolded after 6 hours, sealed immediately, and periodic length measurements were performed. 
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Table 7. Mixture proportions for concrete samples 
Materials CSA0 LWA0 
CSA15 
LWA0 
CSA15 
LWA19.3 
CSA15 
LWA0_0.49 
OPC, lb/yd3 610 518 518 518 
CSA, lb/yd3 0 92 92 92 
OD Coarse 
Aggregate, lb/yd3 
19–25 mm 356 356 356 356 
12.5–19 mm 535 535 535 535 
9.5–12.5 mm 356 356 356 356 
4.75–9.5 mm 535 535 535 535 
OD Sand, lb/yd3 1264 1264 362 1037 
SSD LWA, lb/yd3 0 0 599 0 
Mixing water, lb/yd3 265 265 248 351 
Water to bring sand to SSD, lb/yd3 22 22 6 18 
Water to bring Coarse aggregates to SSD, lb/yd3 36 36 36 36 
Water from LWA, lb/yd3 0 0 90 0 
Effective water-to-cement ratio 0.34 0.34 0.34 0.49 
Total water-to-cement ratio 0.34 0.34 0.49 0.49 
 
3.3 Results and discussions 
3.3.1 Effect of internal curing on deformation of OPC–CSA mortar – sealed 
curing condition 
The length change of sealed OPC–CSA mortar samples is shown in Figure 11. The control 
mixture (CSA0LWA0) showed a continuous shrinkage which is caused by self–desiccation, as 
previously discussed. As observed by others, addition of CSA to the control mixture 
(CSA15LWA0) resulted in a considerable early age expansion and the deformation remained 
positive (expansion) even at the age of 28 days [16, 68]. It can be seen that increasing the effective 
w/c ratio from 0.34 (CSA15LWA0) to 0.41 (CSA15LWA0_0.41) increased the early age 
expansion. Similar observation was reported previously in the literature [70]. The increase in 
expansion as a result of increasing the w/c ratio is believed to be due to further hydration of 
ye’elimite and higher ettringite content in the mixture since 0.34 w/c ratio is not sufficient to 
achieve full hydration of CSA cement [70]. This hypothesis will be investigated further in the 
subsequent sections of this chapter. 
The early age expansion of CSA15LWA0 is also increased when LWA is added to the 
mixture. Addition of 6.4%, 12.9%, and 19.3% LWA to the CSA15LWA0 mixture results in 12.9%, 
69.0%, and 103.5% increase in expansion at the age of four days, respectively. It can be 
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hypothesized that an increase in internal RH, as a result of incorporating internal curing, can also 
promote hydration of ye’elimite in an OPC–CSA system, resulting in an increase in early age 
expansion. This theory can also justify the progressive increase in the early age expansion of OPC–
CSA mixtures as the dosage of LWA is increased, as it can be seen from Figure 11. Furthermore, 
the expansion of CSA15LWA0 and CSA15LWA6.4 was completed at an age of 3 days while 
CSA15LWA12.9, CSA15LWA19.3, and CSA15LWA0_0.41, continued to expand until 4 or 5 
days. This can again confirm further hydration of ye’elimite when higher amount of water is 
provided for the mixture, whether through increasing the effective w/c ratio or internal curing. 
 
Figure 11. Length change of OPC–CSA mortar samples in sealed curing condition 
From Figure 11 it is evident that the CSA15LWA0_0.41 is not expanding as much as 
CSA15LWA19.3 and hence, shows lower positive deformation at the age of 28 days. It should be 
noted that these two mixtures have a similar total w/c ratio (considering the water provided to the 
mixture through internal curing). Therefore, it may be concluded that providing water to the 
mixture through internal curing can result in further hydration of ye’elimite as compared to 
increasing the amount of water at the time of mixing.  
As mentioned earlier, CSA has a higher water demand compared to OPC [16]. Therefore, 
it can be hypothesized that a mixture containing CSA cement would suffer from a more severe 
internal drying (self–desiccation) and hence, show higher shrinkage. In order to examine this 
-400
-200
0
200
400
600
800
1000
1200
0 4 8 12 16 20 24 28
Le
ng
th
 c
ha
ng
e,
 m
ic
ro
str
ai
n
Age, days
CSA0LWA0 CSA15LWA0 CSA15LWA6.4
CSA15LWA12.9 CSA15LWA19.3 CSA15LWA0_0.41
 
 
35 
hypothesis, the absolute shrinkage of each mixture in Figure 11 was calculated (by not considering 
the expansion period). It can be seen that when CSA is added to the control mixture absolute 
shrinkage increases drastically (from 262 to 467 microstrain) and therefore, it can be concluded 
that self–desiccation occurs more severely in mixes with CSA. It can also be observed that with 
increasing the dosage of LWA in the mixture, the absolute shrinkage progressively decreases. This 
was reported previously by other researchers for plain OPC systems; by increasing the dosage of 
LWA in plain OPC mixtures under sealed condition, the mixture becomes more and more 
volumetrically stable [27]. A small decrease in absolute shrinkage can also be seen with increasing 
the effective w/c ratio (CSA15LWA0_0.41 as compared to CSA0LWA0) which can again be 
attributed to a milder self–desiccation as a result of the increased w/c ratio. 
3.3.2 Effect of internal curing on deformation of OPC–CSA mortar – unsealed 
curing condition 
The length change of unsealed OPC–CSA mortar samples is shown in Figure 12. It should 
be noted that the data for the first 24 hours is the same as for sealed samples collected using 
corrugated tube protocol. After demolding at the age of 1 day, the samples were cured in lime 
saturated water for a period of 6 days and then exposed to drying at 50% RH and 23°C. All 
samples, even the control mixture, experienced expansion when cured under water. Early age 
expansion of mixtures with CSA is increased considerably as compared to sealed curing condition. 
This was previously reported in the literature [70, 77]. It is believed that this higher amount of 
expansion could be attributed to either swelling of CSA hydration products [66], or an increase in 
crystallization pressure due to higher water activity [67]. All samples except the control show 
expansion (positive deformation) even at the age of 28 days. It is evident from Figure 12 that the 
magnitude of this positive deformation is increased significantly when total w/c ratio is increased 
either by incorporating internal curing or increasing the effective w/c ratio. 
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Figure 12. Length change of OPC–CSA mortar samples in unsealed curing condition 
Figure 13 presents weight changes of OPC–CSA unsealed mortar samples. During water 
curing, an increase in the weight of the samples was observed due to water uptake. Unlike the 
sealed samples, for which the exact amount of provided water for CSA is known, here factors such 
as water uptake during the period of wet curing and water loss during the drying period complicates 
the length deformation of the mixtures. Nonetheless, based on the presented results in Figure 12 
and Figure 13, the amount of expansion during the period of water curing for mixtures with CSA 
can be loosely associated with the total amount of available water for the mixture. For instance, 
CSA15LWA0_0.41 absorbed more water than other mixtures, as seen in Figure 13, which resulted 
in its higher expansion. Furthermore, it can be seen from Figure 12 that unlike sealed curing 
condition (Figure 11), here, CSA15LWA0_0.41 shows a higher early age expansion and therefore, 
a higher positive deformation at the age of 28 days as compared to CSA15LWA19.3. This is 
mainly believed to be due to the higher water uptake of CSA15LWA0_0.41 during the curing 
period (22% more at the age of 7 days as compared to CSA15LWA19.3). Moreover, from Figure 
13, it can also be concluded that a higher volume percentage of LWA in the mixture results in 
greater mass loss during the drying period. This behavior has been reported by others in the past 
for plain OPC mixtures [26]. The greater mass loss of mixtures with LWA can be justified by the 
fact that these mixtures have more water available for evaporation. Moreover, the fact that 
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CSA15LWA0 loses less water compared to the control mixture, verifies higher water consumption 
of CSA which results in a lower amount of free (evaporable) water available for evaporation. 
 
Figure 13. Mass change results of OPC–CSA mortar samples in unsealed curing condition 
3.3.3 Effect of internal curing on deformation of OPC–CSA concrete 
All of the discussed experiments above were performed on unrestrained mortar samples. 
However, in any practical application, concrete expands under internal (reinforcing bars) or 
external (support, shear studs, etc.) restraints. The existence of restraints against expansion of 
concrete results in development of compressive stress. Therefore, it is crucial to examine the 
restrained expansion characteristics of concrete samples in order to fully understand the 
performance of internally cured OPC–CSA mixtures.  
Figure 14 presents the length change of restraint OPC–CSA concrete samples in sealed 
curing condition. Similar to mortar samples discussed previously, it is evident that addition of CSA 
to the control mixture results in an increase in the early age expansion causing a positive 
deformation at the age of 28 days. It can also be seen that increasing the total w/c ratio from 0.34 
(CSA15LWA0) to 0.49 either by addition of LWA (CSA15LWA19.3) or by increasing the amount 
of mixing water (CSA15LWA0_0.49) increases the early age expansion considerably. Moreover, 
CSA15LWA0_0.49 is not expanding as much as the CSA15LWA19.3, although these two 
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mixtures have the same total w/c ratio. It can then be concluded that providing water to the mixture 
through internal curing can be more effective in promoting hydration of ye’elimite as compared to 
increasing the amount of water at the time of mixing. 
 
Figure 14. Length change of OPC–CSA concrete samples in sealed curing condition with restraint 
3.3.4 Effect of internal curing on capillary porosity of OPC–CSA mortar samples 
Total capillary porosity of OPC–CSA mortar samples in sealed condition has been 
measured. It is expected to observe an increase in capillary porosity with increasing the dosage of 
LWA in the mixture. This is mainly due to incorporating a highly porous inclusion into the 
mixture; LWA contains pores that are slightly larger than the largest capillary pores [57]. However, 
it is believed that LWA can help in reducing the interconnected porosity of the paste matrix [58]. 
Studies have shown that total capillary porosity is not a true indication of susceptibility of a mixture 
with LWA to fluid ingress since mixtures with LWA usually show a higher porosity but a lower 
sorptivity [57, 59]. Therefore, in this study, in order to have a better indication of durability of the 
mixtures, total porosity of the paste matrix alone was calculated by subtracting the total pores in 
the aggregates from the measured total capillary porosity of the samples. A porosity value of 1.7% 
for sand and 19.2% for LWA (based on 7–day absorption value) was used in the calculation. The 
result is presented in Figure 15.  
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As expected, the porosity of all samples reduces over time due to continued hydration. 
Addition of CSA to the control mixture slightly decreased the porosity at 1 day and 7 days of age. 
This could be attributed to ettringite formation and the fact that long ettringite crystals can fill the 
voids in the paste matrix [16]. Moreover, increasing the effective w/c ratio (CSA15LWA0_0.41) 
increased the porosity. Similar results were previously reported for plain OPC mortar and concrete 
mixtures [78, 79]. Although it is believed that increasing the w/c ratio in OPC–CSA blends 
increases ye’elimite hydration and ettringite formation [70], it still cannot counteract the initially 
high level of capillary porosity. It should be noted that this higher porosity is one of the main 
contributing factors to a higher mass gain of CSA15LWA0_0.41 during the curing period as seen 
in Figure 13, which subsequently results in a considerable early age expansion of this mixture as 
shown in Figure 12. At the age of one day it can be seen from Figure 15 that an increase in the 
dosage of LWA results in a decrease in paste porosity. However, even with addition of 19.3% 
LWA, paste’s total porosity is still higher for CSA15LWA19.3 as compared to CSA15LWA0. On 
the other hand, at the age of 28 days, porosity of CSA15LWA12.9 and CSA15LWA19.3 is lower 
than the CSA15LWA0. Moreover, the paste porosity for CSA15LWA0_0.41 is considerably 
higher than CSA15LWA19.3, which has a similar total w/c ratio. Therefore, addition of LWA in 
an OPC–CSA system can lead to a denser paste matrix, further confirming the benefits of 
incorporating internal curing. 
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Figure 15. Calculated cement paste porosity of OPC–CSA mortar samples in sealed curing condition 
3.3.5 Effect of internal curing on compressive strength of OPC–CSA mortar 
samples 
Figure 16 shows the compressive strength results of OPC–CSA mortar samples. The 
samples are demolded at 1 day and kept in a moist room (100% RH) until they are tested. The 
values shown in the plot is the average of three replicates. The standard deviation of the values is 
also shown as error bars on the plot. As it can be seen from Figure 16, CSA15LWA0 shows a 
higher compressive strength compared to other mixtures at age of 1 day and 7 days (except for 
CSA15LWA6.4 at age of 7 days). However, at the age of 28 days CSA15LWA0 shows the lowest 
compressive strength. It is believed that several factors can contribute to compressive strength 
development of OPC–CSA mortar samples as outlined below: 
• The porosity of the paste matrix has a crucial influence on the magnitude of 
compressive strength. From Figure 15, it was observed that an increase in the effective 
w/c ratio results in an increase in total capillary porosity, and hence, a decrease in 
compressive strength is therefore expected.  
• It is believed that ettringite formation (or ye’elimite hydration) is beneficial for 
development of compressive strength [66]. As discussed before, the degree of hydration 
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of ye’elimite drastically depends on the amount of available water in the system, i.e. 
total w/c ratio. Therefore, lower compressive strength of CSA15LWA0 compared to 
all other mixtures at 28 days can be justified by a lower ettringite formation due to a 
lower amount of available water.  
• Finally, compared to natural sand, LWA has much weaker mechanical properties 
(specifically a lower intrinsic strength), which arises from its highly porous nature. 
Therefore, a decrease in compressive strength is expected when LWA is added to the 
mixture, which is known as strength ceiling [80]. However, many studies reported an 
increase in compressive strength of plain OPC mortar and concrete samples when LWA 
is added to the mixture which is believed to be due to a higher degree of hydration [30, 
81]. Therefore, whether LWA can cause an increase in compressive strength depends 
on whether the increased degree of hydration due to internal curing can compensate for 
the lower intrinsic strength of LWA.  
Although the total w/c ratio of CSA15LWA19.3 and CSA15LWA0_0.41 is similar, the 
mixture with LWA shows a higher compressive strength. This again shows the advantage of using 
internal curing over increasing the w/c ratio. One of the most important advantage of using LWA 
in concrete is its ability to increase the strength to weight ratio, or in another word, lower the 
density of the mixture [82]. As a result, the steel reinforcement can be reduced in a structure in 
which light weight concrete is used [83]. For the mixtures used in this work, replacing sand with 
LWA decreases the weight of the mixture since LWA has a lower specific gravity. Therefore, 
compressive strength to weight ratio of mixtures with LWA is considerably higher than the 
mixtures without LWA. For instance, compared to the control mixture at day 1, CSA15LWA19.3 
shows 49% higher compressive strength and 60% higher compressive strength to weight ratio. 
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Figure 16. Compressive strength results of OPC–CSA mortar samples in wet curing condition 
3.3.6 Factors influencing the deformation characteristics of OPC–CSA mortar 
samples 
It has been hypothesized so far that the driving force for the early age expansion (ye’elimite 
hydration and subsequently, ettringite formation) is increased when LWA is added to the OPC–
CSA mortar mixtures. This section first verifies this hypothesis and then explores the effect of 
dynamic modulus of elasticity on deformation properties of these mixture and provides another 
rationale for the increased early age expansion of mixtures with LWA. 
3.3.6.1 Effect of evolution of ettringite on deformation characteristics of OPC–CSA 
mortar samples 
In order to investigate the effects of internal curing on the rate of ettringite formation, TG 
analysis was performed on the OPC–CSA mixtures at different ages. Figure 17 presents TG 
analysis result of OPC–CSA mixtures at 1 day of age. The mass loss between 50°C and 120°C is 
generally attributed to loss of water from ettringite [77]. The figure also shows the presence of 
portlandite (weight loss between 380°C and 450°C) and calcite (weight loss between 620°C and 
770°C) in the samples. There are two main sources for the observed calcite in the samples, cement 
particles and sand (presence of around 9% calcite in the natural sand used in this study was 
0.0
13.8
27.6
41.3
55.1
68.9
82.7
0
2000
4000
6000
8000
10000
12000
1 7 28
Co
m
pr
es
siv
e 
str
en
gt
h,
 M
Pa
Co
m
pr
es
siv
e 
str
en
gt
h,
 p
si
Age, days
CS
A1
5L
WA
0
CS
A1
5L
WA
6.4
CS
A1
5L
WA
12.
9
CS
A1
5L
WA
19.
3
CS
A1
5L
WA
0_0
.41
CS
A1
5L
WA
0
CS
A1
5L
WA
6.4
CS
A1
5L
WA
12.
9
CS
A1
5L
WA
19.
3
CS
A1
5L
WA
0_0
.41
CS
A1
5L
WA
0
CS
A1
5L
WA
6.4
CS
A1
5L
WA
12.
9
CS
A1
5L
WA
19.
3
CS
A1
5L
WA
0_0
.41
 
 
43 
observed by performing TG analysis on pure sand). Therefore, it is expected from the mixture with 
LWA to show lower mass loss between 620°C and 770°C due to lower sand volume percentage. 
It can be seen that the amount of mass loss within the entire studied temperature regime increases 
with age. This is mainly due to further hydration of OPC and CSA cement in the mixture.  
 
Figure 17. TG analysis of OPC–CSA samples at the age of 1 day 
Table 8 reports the ettringite content obtained from the TG analysis. The amount of 
ettringite in the hydrated samples was determined as described in [84]; assuming the weight loss 
between 50°C and 120°C in TG analysis corresponds to 20 molecules of water per molecule of 
ettringite. This assumption is based on the TG analysis performed on pure ettringite. It is also 
reported in the literature that C–S–H loses some water in this range as well [77]. Therefore, the 
results presented here are only semi–quantitative. The semi–quantitative nature of these results is 
believed to be sufficient for the purpose of this work since they are merely being used as a 
comparison tool between different samples.  
An increase in the ettringite amount with respect to age can be seen in all the samples from 
the results presented in Table 8. A comparison between CSA15LWA0 and CSA15LWA19.3 
clearly shows an increase in the ettringite content in the later sample which can be attributed to the 
increased ye’elimite hydration due to incorporation of internal curing.  It should be noted that the 
total aggregate volume percentage in all the mixtures is kept constant at 55%. Therefore, 
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CSA15LWA0_0.41 has lower cement content as compared to other mixtures, hence, lower 
ettringite content of this mixture as compared to CSA15LWA0 is somewhat expected. Comparing 
the results from Table 8 and Figure 11 indicates that the observed expansion characteristics cannot 
be fully explained by the amount of ettringite content in these mixtures alone. For instance, 
CSA15LWA0_0.41 exhibits higher early age expansion as compared to CSA15LWA0 while 
showing lower ettringite content at all the tested ages.  
Table 8. Ettringite content of mortar samples (% weight) from TG analysis 
Mixture Age: 1 day Age: 4 days  Age: 7 days 
CSA15LWA0 7.11 8.82 10.11 
CSA15LWA19.3 8.05 10.56 12.45 
CSA15LWA0_0.41 6.66 8.47 8.72 
 
A better indication of the relevance between the ettringite content and the observed 
expansion is the ratio of the total volume of ettringite crystals over the total pore volume. A more 
general description of this parameter is the volume fraction of pore space filled with the crystal of 
interest and is referred as Sc in the literature [85]. It is believed that the macroscopic tensile stress 
due to crystallization depends strongly on Sc, i.e. an increase in Sc relates to an increase in volume 
of crystals exerting stress in a given pore volume, thereby increasing the tensile stress. Here, the 
volume fraction of ettringite is calculated based on the total porosity (as reported in Figure 15) and 
the ettringite content obtained from TG analysis. Figure 18 shows the dependence of expansion on 
Sc ratio for different samples considering data collected at all ages (1, 4, and 7 days.) Previously 
published literature exhibits a linear correlation between these two parameters [86]. However, 
based on Figure 18, no strong correlation between Sc and expansion can be obtained. 
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Figure 18. Expansion versus ettringite volume fraction in pore volume (Sc) 
3.3.6.2 Effect of dynamic modulus of elasticity on deformation characteristics of 
OPC–CSA mortar samples 
Since the increase in the ettringite content due to addition of LWA cannot solely explain 
the increase in the early age expansion, this section of this study explores another possibility. Sc is 
considered to be the driving force for expansion, however, materials can exhibit different level of 
expansion if the resistance to expansion (such as material stiffness) is different. To explore this 
concept further and understand its proper implications, dynamic modulus of elasticity of OPC–
CSA mortar samples were measured at different ages and the results are presented in Figure 19. It 
can be seen that increasing the dosage of LWA in the mixture results in a progressive decrease in 
modulus, which was observed by other researchers as well [87]. Several studies have pointed out 
that a reduction in the modulus of elasticity of mortar and concrete mixtures due to addition of 
LWA results in lower restraint provided by the aggregates to keep the paste matrix volumetrically 
stable, and hence, may possibly increase the extent of shrinkage in such mixtures [30]. This study 
provides a technique for examining such hypothesis experimentally by decoupling the chemical 
effect of LWA addition (promoting ye’elimite hydration) from its physical effect (influence on the 
material stiffness).  
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Figure 19. Dynamic modulus of OPC–CSA mortar samples 
In order to investigate the effect of dynamic modulus of elasticity on deformation of OPC–
CSA mortar samples, an inert inclusion was used to reduce the modulus of CSA15LWA0 mixture 
and its deformation was studied and compared to CSA15LWA0 plain mixture. Crumb rubber (or 
ground scrap tire rubber) was used in this study as an inert material since it has been reported that 
the modulus of elasticity of concrete decreases significantly with addition of such material to 
concrete [88]. In order to keep the gradation among different replicates consistent, crumb rubber 
particles retained on #8 sieve (and passing #4 sieve) was used. Moreover, sand was replaced with 
crumb rubber to keep the total volume of paste constant. It is believed that with this method, the 
driving force for expansion/shrinkage was kept constant between different mixtures.  
After several attempts, it was determined that addition of 10% crumb rubber (by the total 
volume) to the mixture results in a decrease in dynamic modulus comparable to when 19.3% LWA 
is added to the mixture. Dynamic modulus of this mixture (designated as CSA15R10) is presented 
in Figure 20 alongside with dynamic modulus results of CSA15LWA19.3 and CSA15LWA0. It 
can be seen that the modulus of CSA15R10 and CSA15LWA19.3 are fairly similar to one another 
at all ages considered. The length change of these samples is shown in Figure 21. Compared to 
CSALWA0 plain mixture, CSA15R10 shows 30% increase in expansion at day 4. Moreover, 
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considering only the shrinkage part of the plot (starting at day 4), CSA15R10 shows 9% higher 
shrinkage compared to CSALWA0. It can then be concluded that a change in dynamic modulus 
can indeed influence the deformation; i.e. lower modulus results in higher expansion and higher 
shrinkage. Moreover, it can be seen that in the two mixtures with similar dynamic modulus, 
CSA15LWA19.3 and CSA15R10, the one with LWA shows higher expansion and lower shrinkage 
(day 4 to day 28); the former due to higher degree of hydration of ye’elimite and the latter due to 
less severe self–desiccation, both of which are direct consequences of using LWA in the mixture. 
Therefore, a possible approach for improving the correlation between Sc and the expansion of the 
mixtures is to also consider the modulus. Figure 22 shows a plot of the expansion versus the ratio 
of Sc over dynamic modulus. As compared to Figure 18, the correlation is significantly improved. 
It can therefore be concluded that Sc can only determine the extent of the exerted tensile stress to 
the samples caused by crystallization pressure due to ettringite formation, and it is the bulk 
modulus of elasticity that can successfully correlate this factor to bulk expansion. 
 
Figure 20. Dynamic modulus OPC–CSA mortar sample with and without internal curing 
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Figure 21. Length change of OPC–CSA mortar samples in sealed curing condition 
 
Figure 22. Expansion versus the ratio of ettringite volume fraction in pore volume over dynamic modulus (Sc/Ed) 
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3.4 Conclusions 
Deformation characteristics of OPC–CSA mortar and concrete under sealed and unsealed 
conditions were examined in this chapter. Two different approaches, increasing the effective 
(mixing) w/c ratio and incorporating internal curing using pre–soaked LWA, for providing the 
same amount of extra water to achieve enhanced CSA hydration and ettringite formation were 
assessed. The following conclusions can be drawn from results presented in this chapter: 
• Addition of CSA cement to the control mixture caused an early age expansion. This 
expansion was amplified when LWA was added to the mixtures. Increasing the 
effective w/c also increased the extent of expansion, however, providing the same 
amount of water to the mixture through LWA proved to be more effective in sealed 
conditions.  
• Increasing the effective w/c ratio increased the porosity, leading to absorption of higher 
amount of moisture when the samples were wet cured and higher early age expansion. 
On the other hand, internal curing resulted in denser and less porous paste structure. 
• By changing the mixture’s stiffness using an inert inclusion (crumb rubber particles) it 
was indicated that modulus of elasticity is an important aspect in governing the 
deformation behavior. It was shown that lower modulus results in higher expansion and 
shrinkage.  
• It is shown that the volume fraction of ettringite in total pore volume (Sc) divided by 
modulus is a more important factor than the Sc itself when considering the expansion 
potential. The results highlighted a good correlation between the expansion behavior 
and the ratio of Sc over dynamic modulus. 
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Chapter 4  
Modeling Moisture Diffusion in Internally Cured 
Cement-Based Materials 
4.1 Introduction 
This chapter focuses on the modeling of moisture diffusion in internally cured cement-
based materials using partial differential equations. A two-dimensional diffusion equation in 
Cartesian coordinates has been used to model the moisture diffusion inside cement-based 
materials. A time-dependent source term has been added to the model to simulate the desorption 
of moisture from pre-soaked LWA to surrounding paste matrix. Moreover, a time-and-moisture-
dependent sink term has also been added to the model to quantify the immobilization of water due 
to cement hydration. After defining the governing equation and verifying its various components, 
the model has been solved analytically. Experimental results of moisture loss and local moisture 
content have been compared with predictions from the model to ensure the accuracy of the model. 
4.1.1 Current knowledge on modeling moisture diffusion in cement-based 
materials 
Drying shrinkage of cement-based materials is significantly influenced by moisture 
content. Thus, reliable mathematical models that can predict the distribution of moisture in 
concrete is of major practical importance. Modeling of moisture movement inside concrete due to 
drying is a complex problem mainly because the pore size distribution of cement paste structure 
incorporates a broad range from 50 𝑛𝑚 up to 200 𝜇𝑚 [7]. Nonetheless, In the past few decades, 
an increasing body of literature has focused on developing mathematical models for moisture 
movement in concrete following the pioneering effort by Carlson in 1937 [89]. Drying of concrete 
is a non-stationary hygrothermal process taking place in a chemically unstable material. It is 
typically accepted that the theory of diffusion [90] provides satisfactory means of describing the 
movement of moisture in concrete. In general, one-dimensional transfer of matter can be described 
by Fick’s first law in which there is a linear relationship between the flux of the diffusing matter 
and the potential gradient [91]: 
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𝐽 = −𝐷 𝜕𝐶𝜕𝑥	 4 – 1 
where 𝐽 W XY/vD[ is rate of transfer of matter per unit area, CWXY/Z[ is concentration of matter, x(𝑚) is 
the space coordinate measured normal to the section, and DW/vD [ is the diffusion coefficient. By 
considering the loss of water due to hydration within concrete as a sink term, using Fick’s first 
law, and conservation of mass, following equation can be obtained for a three-dimensional domain: 
𝜕𝐶𝜕𝑡 + 𝐻 = 𝑑𝑖𝑣(𝐷	𝑔𝑟𝑎𝑑	𝐶)	 4 – 2 
where 𝐻 W XY/ZD[ is a sink term that denotes the loss of water due to hydration. In mature concrete 
(negligible rate of hydration), the sink term can be ignored. For constant diffusivity, Equation 4 – 
2 reduces to a second order, linear differential equation of the form: 
𝜕𝐶𝜕𝑡 = 𝐷	𝛻4	𝐶	 4 – 3 
where t(𝑠) is time. Carlson [89] used Equation 4 – 3 to determine the rate of drying of concrete 
samples. Several samples with different mix designs were tested and the results were compared 
with the prediction from the diffusion equation with various moisture diffusivity constants. It was 
observed that the shapes of the experimental and theoretical drying curves are different, 
nonetheless, it was reported that the diffusion model is still capable of predicting the moisture 
profile inside concrete with fair accuracy. 
Hughes et al. [92] also used a constant diffusivity to model diffusion in concrete at elevated 
temperatures. Based on the results obtained, they concluded that in relatively severe drying 
conditions in which all moisture reaching the surface is evaporated, the diffusion equation can 
provide reliable predictions of movement of water in concrete due to drying. Hughes et al. [92] 
have also reported that the diffusion coefficient increases with increasing w/c ratio of the mixture 
and with decreasing the curing duration which was later verified by Hancox [93]. Furthermore, 
Hancox [94] determined moisture diffusivity based on experimental results. He achieved several 
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values for diffusivity at different conditions but noted that moisture content is always 
underestimated by the model.  
Similarly, Glover [95] noticed that the diffusion equation does not hold at later ages of 
drying (beyond 9 days). Furthermore, assuming a direct relationship between mass loss and 
shrinkage, Becker [96] attempted to predict the shrinkage results obtained from samples of 
different sizes using diffusion equation. Similar to others, he also noticed that the theory of 
diffusion overestimates the shrinkage values at later ages. 
The linear diffusion theory with constant diffusivity may be adequate for a great number 
of practical problems, given the goal is to obtain an approximate solution. However, this simplified 
approach suffers from serious shortcomings. The assumption of a constant diffusivity for concrete 
is contradictory to experimental evidence of drying behavior of concrete. Picket [97] noticed that 
as concrete ages, the diffusivity constant decreases. He argues that laboratory tests clearly 
demonstrate that in an initially fully saturated sample subjected to drying, moisture is lost with 
increasing difficulty as drying progresses. Thus, diffusivity should decrease with increasing 
maturity. In his work, he used the following function to describe the diffusivity coefficient as a 
function of time: 
𝐷(𝑡) = 0.10 22 + 𝑡	 4 – 4 
where 𝐷(𝑡)	W/vD [ is time-dependent diffusivity. Later, Lowe et al. [98] verified Picket’s work [97]. 
They also noticed the inability of a constant diffusivity coefficient to describe the drying process 
in concrete and used the following equation to achieve a better fit for their results: 
𝐷(𝑡) = 𝐷H  22 + 𝜋4𝑡𝑎4 
H.4	 4 – 5 
where 𝐷H W/vD [ is the initial diffusivity and 𝑎(𝑚) is the diameter of the tested samples. Using this 
equation, Lowe et al. [98] were able to determine a satisfactory basis for predicting drying rate of 
concrete samples of different sizes.  
 
 
53 
Moreover, Bazant et al. [99, 100] used a rather simplified equation to determine diffusivity 
based on age:  
𝐷(𝑡) = 𝑏𝑡	 4 – 6 
where 𝑏 W /vD	[ and 𝑀 (unitless) are arbitrary parameters. It can also be noted that the diffusion of 
chloride into concrete has also been vastly studied using time-dependent diffusivity coefficient 
[101, 102, 103, 104, 105, 106, 107, 108, 109, 110]. Similar to movement of moisture in concrete, 
chloride ions diffuse in concrete due to presence of a chloride concentration gradient which is 
created when one surface is continuously exposed to salt water. Therefore, this process can also 
be described using Fick’s first law. Generally, the following function is used to describe the change 
in diffusivity with respect to time,  
𝐷(𝑡) = 𝐷H 𝑡\𝑡 			 4 – 7 
where 𝐷H W/vD [  is the diffusion coefficient at some reference time, 𝑡\  and 𝑀  is an arbitrary 
parameter. 
Later on, Bazant and Najjar [111] noticed that with the progress of drying, the remaining 
moisture inside concrete is lost with ever-increasing difficulty. Therefore, a linear diffusion 
equation cannot be a reliable tool for predicting the moisture movement in concrete. They 
hypothesized that the diffusivity is related to moisture content, hence, Equation 4 – 2 will transform 
into the non-linear partial differential equation: 
𝜕𝐶𝜕𝑡 + 𝐻 = 𝑑𝑖𝑣[𝐷(𝐶)𝑔𝑟𝑎𝑑	𝐶]	 4 – 8 
where 𝐷(𝐶) W/vD [ denotes the moisture concentration dependent diffusivity.  
Bazant and Najjar [111] expressed the drying of concrete in terms of internal (pore) RH. 
Moreover, it is noted that for typical water-to-cement ratios, the drop in internal RH due to 
hydration is known to be rather small [112], therefore, the sink term 𝑆 is ignored in their work. 
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Bazant and Najjar [111] assumed a humidity dependent diffusivity and tested many functions to 
achieve the one that matches more closely with the experimental data. In their work, the results 
obtained from the non-linear diffusion equation were compared with the available experimental 
data and a reliable prediction was achieved. Afterwards, the suggested formulation was used by 
others to predict moisture movement inside cementitious materials in various experimental setups 
[113, 114, 115, 116]. 
Although a humidity dependent diffusivity has been widely used recently to predict 
experimental results, a time-dependent diffusivity function is also capable of successfully 
simulating water movement inside cement-based materials as used by several authors noted in the 
literature review above. Moreover, use of a time-dependent diffusivity will avoid the non-linearity 
of the diffusion model and allows for analytical solution of the partial differential equation (PDE) 
to be obtained.  
Based on the presented literature review, it is evident that the theory of diffusion is capable 
of predicting the moisture movement inside cementitious materials. Several authors were able to 
successfully predict experimental results using a model based on diffusion equation. Nonetheless, 
this valuable method of predicting moisture content inside concrete has not been used in the 
literature to simulate moisture diffusion in internally cured mixtures. Researchers have only used 
existing microstructure models, such as CEMHYD3D [117], HYMOSTRUC [118], and DuCom 
[119], to simulate the water movement from LWA to surrounding paste matrix as outlined 
elsewhere [120]. Microstructure models are helpful in graphically visualizing the water movement 
inside cement-based mixtures. However, cellular automaton or hard core/soft shell models 
generally ignore the physics of diffusion of water. Therefore, the results obtained from such 
models are only reliable to a certain degree.  
The goal of this chapter is to develop a model that can fully capture the moisture movement 
inside internally cured cement-based materials based on physics of diffusion of moisture. 
4.1.2 Research objectives 
The primary objective of this chapter is to develop a model to simulate moisture diffusion 
in internally cured cement-based materials using partial differential equations. The following is a 
list of intermediate objectives to be used in governing a reliable conclusion: 
• Model development: 
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Ø A two-dimensional diffusion equation in Cartesian coordinates is used to model the 
moisture diffusion inside cement-based materials. To simulate the movement of 
water from LWA to surrounding paste matrix, a time-dependent source term has 
been added to the model. Furthermore, to simulate the immobilization of water due 
to hydration, a time-and-moisture-dependent sink term has also been added to the 
model.  
• Finding the analytical solution and calibrating the model experimentally: 
Ø After determining the governing PDE equation to simulate moisture movement 
inside internally cured cement-based materials, the analytical solution of the model 
is obtained. The solution to the diffusion model is then calibrated experimentally 
by the results obtained from isothermal calorimetry and bulk weight loss due to 
exposure to unsaturated environment. 
• Verifying the predictions from the model: 
Ø The experimental results of mass loss, total and local moisture content is compared 
with the predictions from the model to verify the model’s accuracy. 
• Using the model to simulate different experimental conditions:  
Ø Finally, the model is used to study the effects of volume percentage of LWA, 
desorption rate of LWA, and severity of drying condition on moisture content inside 
the mixture. Besides studying the main factors that influence the effectiveness of 
LWA in resaturating the pores in cement paste which in turn controls drying 
shrinkage, their comparative importance can also be analyzed. Moreover, the 
obtained results are used to verify the main hypothesis of Chapter 2. 
4.2 Model development  
4.2.1 Governing equation and geometry of the problem 
A model is developed to simulate the moisture diffusion and transport in cementitious 
materials containing pre-soaked LWA. The domain under study is assumed to be a rectangular 
prism with only the top surface exposed. A schematic is shown in Figure 23. In order to simplify 
the analytical solution, the moisture transport in the z direction is ignored and therefore the 
moisture diffusion in the sample is modeled in a two-dimensional (0 ≤ 𝑥 ≤ 𝑙r  and 0 ≤ 𝑦 ≤ 𝑙4) 
domain. Since only the top surface is exposed, the majority of moisture movement is in the “Y” 
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direction. Only the moisture that is desorbed from the LWA can travel in the “X” or “Z” direction. 
By disregarding the moisture transport in the “Z” direction, the LWAs are modeled as rods that 
extend in the “Z” direction. Regardless of how the model perceives the LWAs, the total moisture 
inside LWA and the desorption rate of LWA moisture to surrounding paste matrix is fixed to 
reduce the percentage of error that may arise from this assumption. 
 
Figure 23. Schematic of the modeled sample 
The exact experimental setup that was used to verify the model is a rectangular prism with 
dimensions of 0.198 𝑚 × 0.051 𝑚 × 0.051	𝑚. The top surface, 0.051 𝑚 × 0.051	𝑚, is exposed 
to unsaturated environment at 50% RH and 23° C. An exposed surface to volume ratio of 5.05 r/ 
can be obtained for this experimental setup.  
An isothermal condition was assumed to avoid the possible effect of changes in the 
temperature on the nature of moisture movement inside the sample. The following equation is used 
to model the moisture transport: 
𝜕𝐶𝜕𝑡 = 𝐷(𝑡) 𝜕4𝐶𝜕𝑥4 + 𝜕4𝐶𝜕𝑦4 + 𝜙(𝑥, 𝑦, 𝑡) + 𝐻(𝑡, 𝐶)	 4 – 9 
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where 𝐶 is the local moisture concentration at point (𝑥, 𝑦) and time 𝑡 with a unit of XY/Z, 𝑡 is time 
with units of second, 𝐷(𝑡) is the moisture diffusivity function with a unit of /vD , 𝜙(𝑥, 𝑦, 𝑡) is the 
LWA source term with a unit of  XY/ZD , and 𝐻(𝑡, 𝐶) is the hydration sink term a unit of  XY/ZD. In the 
following sections the model is described completely in terms of its constituents. Equation 4 – 9 
is constructed based on Equation 4 – 2 with the addition of a source term that denotes the 
desorption of moisture from LWA to surrounding paste matrix. Each component of the model, i.e. 
the diffusivity term 𝐷(𝑡), the source term 𝜙(𝑥, 𝑦, 𝑡), and the sink term 𝐻(𝑡, 𝐶), is described in 
detail in the following sections.  
4.2.2 Boundary and initial conditions  
For the initial condition, it can be assumed that the concentration is constant, 𝐶H , 
throughout the entire domain. Since the sample is only exposed on the top surface the gradient of 
moisture, 1 or b, on all other surfaces are zero. The evaporation rate of moisture on the exposed 
surface is assumed to be dependent on the moisture concentration of the top layer. This assumption 
has been used previously by other researchers to simulate moisture evaporation from concrete to 
surrounding unsaturated environment [121, 122, 123]. This assumption can be formulated as 
follows:  
𝐽 = −𝐷 𝜕𝐶𝜕𝑦 = 𝑘′(𝐶D − 𝐶∗)	 4 – 10 
where, 𝑘 W/D [ is the convective moisture transfer coefficient or simply called the surface factor 
which should be obtained experimentally, 𝐶D WXY/Z[ is the surface moisture concentration, 𝐶∗ WXY/Z[ 
is the ambient moisture concentration, and 𝐷 W XY/vD[  is the diffusivity factor. Therefore, the 
boundary and the initial conditions for the model under study can be summarized as follows: 
𝐼𝑛𝑖𝑡𝑖𝑎𝑙	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛: 𝐶(𝑥, 𝑦, 0) = 𝐶H ,	 4 – 11 
𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡 = ∞: 𝐶(𝑥, 𝑦,∞) = 𝐶∗ ,	 4 – 12 
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𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡ℎ𝑒	𝑙𝑒𝑓𝑡	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦: 𝑎𝑡	𝑥 = 0	 → 	𝜕𝐶𝜕𝑥 = 0	,	 4 – 13 
𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡ℎ𝑒	𝑏𝑜𝑡𝑡𝑜𝑚	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦: 𝑎𝑡	𝑦 = 0	 → 	 b = 0 ,	 4 – 14 
𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡ℎ𝑒	𝑟𝑖𝑔ℎ𝑡	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦: 𝑎𝑡	𝑥 = 𝑙r 	→ 	 1 = 0 ,	 4 – 15 
𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡ℎ𝑒	𝑡𝑜𝑝	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦: 𝑎𝑡	𝑦 = 𝑙4 	→ 	𝜕𝐶𝜕𝑦 + 𝑘𝐷 𝐶D = 𝑘𝐶∗𝐷 		 4 – 16 
4.2.3 Defining the components of the model  
4.2.3.1 the source term, 𝜙(𝑥, 𝑦, 𝑡) 
The source term 𝜙(𝑥, 𝑦, 𝑡) should describe the desorption of moisture from pre-soaked 
LWA to surrounding paste matrix. The source term must satisfy three basic conditions; the total 
amount of moisture provided by the source term is limited (as opposed to an infinite value), the 
rate of desorption of moisture decreases with time, and the exact position of the source term in the 
two-dimensional domain is known and adjustable. The latter allows for addition of multiple source 
term to the model at different locations of the domain and studying their combined effect on 
moisture content (as opposed to having only one source term).  
Isotherm desorption tests were performed to quantify the drop in the rate of desorption of 
moisture from LWA that the chosen function for the source term needs to capture. The desorption 
test was conducted in accordance with ASTM C1761. Around 25 g of surface-dry LWA was placed 
in a controlled RH environment which was provided using supersaturated solution. The RH of 
94% and 85% were obtained by preparing a supersaturated solution of potassium nitrate and 
potassium chloride, respectively. The supersaturated solutions were then placed into desiccators 
with tight-fitting lids as shown in Figure 24. The mass of the LWA was then measured on a daily 
basis until equilibrium was reached. Figure 25 shows the desorption test results at 94% and 85% 
RH. The figure shows the percentage of water retained in LWA with respect to age of the sample.  
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Figure 24. Air-tight desiccator with supersaturated solution  
 
Figure 25. LWA desorption curves (exhibited as percentage of water retained) at 94% and 85% RH 
Based on the above mentioned three basic conditions for the source term, the following 
function has been chosen for the LWA source term:  
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𝜙(𝑥, 𝑦, 𝑡) = 	𝛼𝛿(𝑥 − 𝑥H)𝛿(𝑦 − 𝑦H) 𝑒𝑥𝑝(−𝛽𝑡)	 4 – 17 
where 𝛼 WYD[ and 𝛽 WrD[ are arbitrary parameters. In the above equation, the arbitrary parameter 𝛽 
defines the rate at which moisture is desorbed from the source. The reduction in the rate of moisture 
desorption is also described using the exponential term in the source function. Moreover, 𝑥H and 𝑦H determine the exact position of the source term within the two-dimensional domain. In Equation 
4 – 17 Dirac delta function has been used which is mathematically defined as:  
	𝛿(𝑥 − 𝑥H) =  +∞,			𝑥 = 00,								𝑥 ≠ 0	 4 – 18 
¢ 𝛿(𝑥 − 𝑥H)£SS 𝑑𝑥 = 1	 4 – 19 
¢ ∅(𝑥)𝛿(𝑥 − 𝑥H)£SS 𝑑𝑥 = ∅(𝑥H)	 4 – 20 
where ∅(x) is an arbitrary function. The Dirac delta function is a hypothetical function with an 
infinitely high and infinitely thin spike at point 𝑥H. Therefore, the function 𝜙(𝑥, 𝑦, 𝑡) describes a 
source term which desorbs the moisture only at point (𝑥H , 𝑦H). 
4.2.3.2 The hydration term, 𝐻(𝑡, 𝐶) 
At early ages the diffusion of moisture is accompanied by immobilization of water due to 
cement hydration. A hydration sink term, 𝐻(𝑡, 𝐶), was therefore added to the model to simulate 
the loss of water due to hydration. This sink term should be able to capture the time-dependent 
nature of hydration. It should also depend on the moisture content as well to capture the increase 
in degree of hydration due to internal curing. Here it is assumed that the hydration term is linearly 
dependent on moisture content. Therefore, the sink term can be divided into two parts, 𝐻(𝑡, 𝐶) =𝐶 ∗ 𝑓(𝑡), where 𝑓(𝑡) is an arbitrary function of 𝑡 to be defined later on. This assumption is in-line 
with similar previously published literature where moisture content, degree of hydration, and 
maturity of the cement paste were modeled using a combination of diffusion and heat equations 
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[124, 125, 126]. A double-term exponential function with four arbitrary parameters was chosen 
for 𝑓(𝑡) as shown in the following equation: 
𝑓(𝑡) = −𝑙	𝑒𝑥𝑝(−ℎ𝑡) − 𝑗𝑒𝑥𝑝(−𝑘𝑡)	 4 – 21 
where 𝑙 WrD[ , ℎ WrD[ , 𝑗 WrD[,	and 𝑘 WrD[ are arbitrary parameters.  
The function described in Equation 4-21 was achieved after several arbitrary functions has 
been analyzed. It was determined that the above function for 𝑓(𝑡) offers the best fit to experimental 
results. Specifically, a function based on the well-known three-parameter model [127, 128] was 
also assumed for 𝑓(𝑡), but the model was incapable of successfully predicting degree of hydration 
and moisture content at later ages (beyond 21 days). Figure 26 exhibits the degree of hydration 
obtained from isothermal calorimetry and the predictions from the model based on different 
functions for 𝑓(𝑡). An isothermal conduction calorimeter was used to monitor the rate of heat of 
hydration. Small samples for isothermal calorimetry were prepared. The paste samples were mixed 
manually in glass ampules for a period of 2 minutes. It is noted that the data for the first 45 minutes 
was not considered for analysis to avoid the heat associated with mixing and placing the externally 
prepared samples, and to allow the samples to stabilize at the set temperature of 22°C. The samples 
were monitored continuously for 60 days.  
It is clear that the double-term exponential function provided the best fit with the 
experimental results.  A single-term exponential function (with only two arbitrary parameters) as 
well as the three-parameter hydration model provided less than satisfactory fit. 
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Figure 26. Experimental results and predictions from the model for degree of hydration 
4.2.3.3 The diffusivity term, 𝐷(𝑡) 
As discussed in the Section 4.1.1, Bazant and Najjar [112], have assumed moisture 
dependent diffusivity. However, to avoid the non-linearity of the PDE and achieve an analytical 
solution, this assumption is not used in this work. As concrete ages, it densifies and therefore the 
diffusivity decreases; therefore, a time-dependent exponentially decaying function has been 
defined:  
𝐷(𝑡) = 𝑏	𝑒𝑥𝑝(−𝑚𝑡),		 4 – 22 
where 𝑏 W/vD [  and 𝑚WrD[  are arbitrary parameters. Other forms of time-dependent diffusivity 
functions suggested in the literature are listed and explained in Equations 4 – 4 through 4 – 7. For 
this work to avoid the complication of having an inverse function in the PDE (with regards to 
difficulties in determining the initial condition) an exponential function is chosen. Through a trial 
and error process, by testing exponential functions such as 𝑏	𝑒𝑥𝑝(−𝑚𝑡), 𝑏r𝑒𝑥𝑝(−𝑚r𝑡)+𝑏4𝑒𝑥𝑝(−𝑚4𝑡), 𝑒𝑥𝑝(−𝑚𝑡), and 𝑏	𝑒𝑥𝑝(−𝑚r𝑡 + 𝑚4) , the function in Equation 4 
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– 22 with two arbitrary parameters was chosen based on the least number of arbitrary parameters 
needed to fit the experimental results satisfactorily.  
4.2.4 Analytical solution of the model 
With all the various components of the model, the PDE can be fully described as: 
𝜕𝐶𝜕𝑡 = 𝑏	𝑒𝑥𝑝(−𝑚𝑡) 𝜕4𝐶𝜕𝑥4 + 𝜕4𝐶𝜕𝑦4 +¥𝛼D𝛿(𝑥 − 𝑥DH)𝛿(𝑦 − 𝑦DH) 𝑒𝑥𝑝(−𝛽D𝑡)¦D§r+ ¨−𝑙	𝑒𝑥𝑝(−ℎ𝑡) − 𝑗𝑒𝑥𝑝(−𝑘𝑡)© ∗ 𝐶	 4 – 23 
where N, represents the total number of LWA source terms in the two-dimensional domain under 
study. The above PDE is solved based on the formulation presented in page 492 of reference [129]. 
Using a partial separation of variables based on Green’s function the following solution for the 
modeling has been obtained (the complete solution is presented in Appendix A): 
𝐶 = 𝐶r +¥𝐶D¦D§r 	𝐶r = 𝐶S + (𝐶H− 𝐶S)𝑒𝑥𝑝 « 𝑙ℎ 𝑒𝑥𝑝(−ℎ𝑡) + 𝑗𝑘 𝑒𝑥𝑝(−𝑘𝑡) − 𝑙ℎ
− 𝑗𝑘¬­¥2𝑐𝑜𝑠(𝜇Q𝑦)𝑠𝑖 𝑛( 𝜇Q𝑙4)𝜇Q𝑙4 + 𝜇Q𝑘𝜇Q4 + 𝑘4
S
Q§r 𝑒𝑥𝑝 «𝜇Q4 𝑏𝑚 𝑒𝑥𝑝(−𝑚𝑡) − 𝑏𝑚¬®	
4 – 24 
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𝐶D= 	𝑒𝑥𝑝 « 𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝑡)+ 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝑡)¬ 1𝑙r¥2𝑐𝑜𝑠(𝜇Q𝑦)𝑐𝑜𝑠	(𝜇Q𝑦¯H)𝑙4 + 𝑘𝜇Q4 + 𝑘4
S
Q§r 𝑒𝑥𝑝 °𝜇Q4 ±𝑏𝑚 𝑒𝑥𝑝(−𝑚𝑡)²³
∗ ¢ 〈𝛼¯ 𝑒𝑥𝑝(−𝛽𝜏) 𝑒𝑥𝑝 «− 𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝜏)RH− 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝜏)¬ 𝑒𝑥𝑝 °𝜇Q4 ±− 𝑏𝑚 𝑒𝑥𝑝(−𝑚𝜏)²³〉 𝑑𝜏+ 𝑒𝑥𝑝 «𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝑡)+ 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝑡)¬ 2𝑙r ¥𝑐𝑜𝑠(𝑛𝜋𝑥𝑙r )𝑐𝑜𝑠(𝑛𝜋𝑥¯H𝑙r )𝑒𝑥𝑝 ·𝑛4𝜋4𝑙r4  𝑏𝑚 𝑒𝑥 𝑝(−𝑚𝑡)¸SQ§r∗¥2𝑐𝑜𝑠(𝜇Q𝑦)𝑐𝑜𝑠	(𝜇Q𝑦¯H)𝑙4 + 𝑘𝜇Q4 + 𝑘4
S
Q§r 𝑒𝑥𝑝 °𝜇Q4 ±𝑏𝑚 𝑒𝑥𝑝(−𝑚𝑡)²³
∗ ¢ 〈𝛼¯ 𝑒𝑥𝑝(−𝛽𝜏) 𝑒𝑥𝑝 «− 𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝜏)RH− 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝜏)¬ 𝑒𝑥𝑝 ·𝑛4𝜋4𝑙r4 − 𝑏𝑚 𝑒𝑥 𝑝(−𝑚𝜏)¸ 𝑒𝑥𝑝 °𝜇Q4 ±− 𝑏𝑚 𝑒𝑥𝑝(−𝑚𝜏)²³〉 𝑑𝜏	
𝜇𝑡𝑎𝑛(𝜇𝑙4) = 𝑘𝐷 	
In the above equation, µº are all the subsequent zeros of the trigonometric function of  µtan(µl4) = ¾¿ . Matlab was used to plot Equation 4 – 24 in the domain under study. The Matlab 
codes used is provided in Appendix B.  
4.3 Calibrating the arbitrary parameters of the model 
4.3.1 The source term’s arbitrary parameters, 𝜶 and 𝜷 
Based on Equation 4 – 17, the total amount of available moisture in the source term can be 
calculated as follows: 
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¢ ¢ ¢ 𝜙(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦𝑑𝑡R§£SR§Hb§£Sb§H1§£S1§H = 𝛼𝛽	 4 – 25 
It can therefore be concluded that the total amount of available moisture in the source term 
is limited and can be controlled by the two arbitrary parameters	𝛼 and 𝛽. The percentage of water 
retained in the source term at time 𝑡 can also be calculated as follows: 
	∫ ∫ ∫ 𝜙(𝑥, 𝑦, 𝑡)𝑑𝑥𝑑𝑦𝑑𝑡R§£SR§Rb§£Sb§H1§£S1§H 𝛼𝛽 × 100 = −
𝛼𝛽 [0 − 𝑒𝑥 𝑝(−𝛽𝑡)]	𝛼𝛽 × 100= 𝑒𝑥 𝑝(−𝛽𝑡) × 100		 4 – 26 
Based on Equation 4 – 26 it can be observed that the water retained in the source term at a 
specific time only depends on the arbitrary parameter 𝛽. Therefore, in order to calibrate 𝛽, the 
function obtained in Equation 4 – 26 should be fitted to the desorption plots in Figure 25. Matlab 
Cure Fitting Toolbox was used to obtain the value of 𝛽 . The obtained values for 𝛽  and the 
goodness of fit is shown in Figure 27.  
 
Figure 27. The fitted lines to LWA desorption curves at 94% and 85% RH 
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It should be noted that the internal RH in concrete is not constant throughout the sample 
since the progress of the drying front lowers the internal RH. In the model, it is assumed that the 
LWAs that are located in the drying front area follow a desorption plot of 85% RH, and the rest of 
the LWAs follow a desorption plot of 94% RH. This assumption is based on the fact that in sealed 
concrete samples or at a point which the drying front does not influence the internal RH, the RH 
remains relatively high (more than 95%) for a prolonged period of time as widely reported in the 
literature [113, 130, 131, 132]. In another word, self-desiccation does not reduce the internal RH 
drastically. This is especially true in the case of internally cured cement-based mixtures in which 
the effect of self-desiccation is even less due to presence of internal curing water. The movement 
of the drying front was also determined based on the predictions obtained from the model. The 
exact location of drying front and whether the 𝛽 value for a specific LWA at a specific location 
should follow a 94% or 85% RH is determined using a trial and error process.  
Similar to Chapter 2, the mixture under study contains 21% LWA in terms of total volume 
and with a w/c ratio of 0.34. A typical mix design contains 3.63 kg of cement, 1.23 kg of water 
and 1.12 kg of pre-soaked LWA. Considering the water absorbed in LWA (15% of the weight of 
LWA), the total w/c ratio will be 0.3864. The initial moisture concentration with or without 
accounting for the water absorbed in LWA is 413.8 kg/m3 and 470.2 kg/m3, respectively. 
Therefore, the amount of absorbed water in the source term can be calculated as follows: 
⎩⎨
⎧𝛼𝛽 = (470.2 − 413.8) ∗ 0.198 ∗ 0.051	 𝑘𝑔𝑚𝛽 = 2.4𝑒 − 6	 1𝑠 => 	𝛼 = 1.3𝑒 − 6
𝑘𝑔𝑚. 𝑠	 4 – 27 
As noted in Equation 4 – 27, the amount of water in LWA is calculated based on total 𝑘𝑔 
of moisture desorbed from the source term in unit length of 𝑧-axis. Therefore, the amount of 
moisture in the source term is multiplied by the dimensions of the sample in 𝑥 and 𝑦 direcitons, 0.198	𝑚	and 0.051	𝑚, respectively. The calculations presented in Equation 4 – 27 is based on a 𝛽 value corresponding to 94% RH. Similarly, a value of 𝛼 = 2.8𝑒 − 6 XY/.D can be obtained for 85% 
RH.  
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Moreover, the value of 𝛼 represents the amount of moisture in the source term as a whole. 
If there are several source terms in the sample the value of 𝛼 should be divided between all the 
source terms. Therefore, the source term can be defined as follows: 
𝜙(𝑥, 𝑦, 𝑡) = 	¥𝜙Ê(𝑥, 𝑦, 𝑡)QÊ§r =¥𝛼Ê𝛿(𝑥 − 𝑥ÊH)𝛿(𝑦 − 𝑦ÊH) 𝑒𝑥𝑝(−𝛽Ê𝑡)¦Ê§r 	 4 – 28 
where 𝑁 denotes the total number of source terms or total number of individual LWA in the 
sample. The total moisture in all the source terms can either be distributed evenly between the 
individual source terms or it can be distributed in a way to reflect the particle size distribution of 
the specific type of LWA under study.  
4.3.2 The hydration term’s arbitrary parameters, 𝒍,	𝒉, 𝒋, and 𝒌  
In order to calibrate the hydration term and obtain the values of the arbitrary parameters, 
the change in concentration merely based on the hydration sink term was obtained by solving the 
diffusion equation assuming no source function, and no diffusion of moisture to unsaturated 
surrounding environment. These conditions simulate a sealed sample without any LWA. The 
model can therefore be rewritten as follows and solved using separation of variables: 
𝜕𝐶𝜕𝑡 = −𝑓(𝑡) ∗ 𝐶	𝑜𝑟	
𝐶 = 𝐶H 𝑒𝑥𝑝 𝑙ℎ 𝑒𝑥𝑝(−ℎ𝑡) + 𝑗𝑘 𝑒𝑥𝑝(−𝑘𝑡) − 𝑙ℎ − 𝑗𝑘	 4 – 29 
It should be noted that the constant of integration was found considering the initial value 
of moisture concentration to be 𝐶H at 𝑡 = 0. In order to obtain the arbitrary parameters of the 𝑓(𝑡) 
function, an isothermal conduction calorimeter was used to monitor the heat evolution of a mix 
with a w/c ratio of 0.34. Small samples for isothermal calorimetry were prepared separately. The 
paste sample was mixed manually in a glass ampule for a period of 2 minutes before inserting it 
in the respective channel of the calorimeter. It is noted that the data for the first 45 minutes was 
not considered for analysis to avoid the heat associated with mixing and placing the externally 
prepared samples, and to allow the samples to stabilize at the set temperature of 22°C. The sample 
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were monitored continuously for 28 days. The result for the total heat developed per gram of 
cement is shown in Figure 28.  
 
Figure 28. Total heat of hydration versus time for 0.34 w/c ratio 
The theoretical total heat of hydration can also be calculated based on the heat of hydration 
of each component of the cement and the weight percentage of each phase which was obtained 
using quantitative X-ray diffraction. The result for the total heat of hydration is presented in Table 
9. The detail of such calculation is presented in reference [133], from which the values for heat of 
hydration of each component was taken. Using the calorimetry curve and the calculated value for 
the total heat of hydration, the evolution of the degree of hydration with respect to time was 
obtained as shown in Figure 29. 
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Table 9. X-Ray diffraction data for weight percentage of each phase and their respective heat of hydration 
Phase Weight percentage % Heat of hydration, J/g Total heat of hydration, J/g 
C3S 62.2 502.08 341.20 
C2S 14.1 259.41  
C3A 9.9 866.09  
C4AF 5.4 418.40  
Gypsum 1.4 -  
Bassanite 1.6 -  
Anhydrite 0.8 -  
Periclase 1.3 -  
 
 
Figure 29. Degree of hydration versus time 
In order to directly compare the results presented in Figure 29 to the prediction from 
Equation 4 – 29, the degree of hydration versus time data in Figure 29 was considered to be a valid 
representation for the development of non-evaporable water content in the sample. This 
assumption is reasonable since similar to heat of hydration, amount of non-evaporable water 
content at any time is also a measure of degree of hydration. Using this interpretation, moisture 
content in the sample based on the model can be directly correlated to the degree of hydration 
measured experimentally based on the heat evolved. The following equation described the 
correlation between degree of hydration and non-evaporable water content [128, 127]: 
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𝐷𝑜𝐻(𝑡) = 𝑊Q	0R	R𝑊Q	0R	S	 4 – 30 
where 𝑊Q	0R	R(𝑘𝑔) is the non-evaporable water content at time t and 𝑊Q	ÏÐ	S  is the maximum 
amount of non-evaporable water. For a sample with w/c ratio of 0.34 and no LWA, the initial 
moisture concentration is 517.2 kg/m3 and cement concentration is 1521.2 kg/m3. It is reported in 
the literature that the maximum amount of non-evaporable is equal to 0.23 times the weight of 
cement [7, 127, 134, 135]. Therefore, 𝑊Q.S can be estimated to be 349.9 kg/m3. Using the above 
formula, the moisture content evolution versus time based on hydration was calculated as shown 
in Figure 30. 
 
Figure 30. Moisture content versus time for 0.34 w/c ratio based on calorimetry results 
The data in Figure 30 show the evolution of moisture content of a 0.34 w/c paste sample 
due to hydration which relates directly to Equation 4 – 27. The parameters in Equation 4 – 27 can 
therefore be estimated by fitting the data in Figure 30 to this equation. The trendline to fit the data 
is also shown in the figure. The obtained values for the arbitrary parameters of the hydration 
function are 𝑙 = 3.8𝑒 − 6WrD[ , ℎ = 7.6𝑒 − 6 WrD[ , 𝑗 = 1.0𝑒 − 6 WrD[ , 𝑘 = 2.5𝑒 − 6 WrD[. 
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Figure 31. Experimental results and predictions from the model for moisture content versus time for 0.34 w/c ratio  
4.3.3 The diffusivity term’s arbitrary parameters, 𝒃 and 𝒎, and the surface 
factor, 𝒌′ 
In order to obtain the values of 𝑏, 𝑚, and 𝑘′, the predictions from the model based on 
Equation 4 – 24 is compared to experimental results obtained from bulk mass loss of a sample 
without LWA exposed only on the top surface. The predicted weight loss from the model is 
obtained by determining the value of moisture content on the exposed boundary and calculating 
the rate of moisture evaporation using Equation 4 – 16. The rate of moisture evaporation was then 
integrated over time to obtain total weight loss up to a given age. Since the experiment is performed 
without LWA, the term 𝐶D¯ in Equation 4 – 24 can therefore be ignored from the solution.  
Several values for the arbitrary parameters were tested and with trial and error, the best set 
of values to fit the model’s predictions to experimental results were chosen as noted below. 
Experimental results and predictions from the model and the goodness of the fit is shown in Figure 
32.  
𝑏 = 3.0𝑒 − 11𝑚4𝑠  ,𝑚 = 1.0𝑒 − 7 1𝑠 , 𝑎𝑛𝑑	𝑘 = 3.8𝑒 − 8 W𝑚𝑠 [	
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Figure 32. Experimental results and predictions from the model for weight loss of a sample 
The percent variance between experimental results and predictions from the model 
presented in Figure 32 is less than 0.5%. The values of moisture diffusivity reported in the literature 
span a wide range of 1.0𝑒 − 13 WÓ [ to 1.0𝑒 − 9 WÓ [ [136, 137, 138, 139, 140, 141, 142, 143]. 
However, due to some fundamental differences in the experimental procedures (w/c ratio, type of 
cement used, mixing procedure, type and duration of curing, and the age at which the diffusivity 
is measured) a direct comparison cannot be made. 
4.4 Summary of model’s arbitrary parameters 
Table 10 lists all the arbitrary parameters of the model and briefly discusses when these 
parameters should be recalibrated to simulate another experimental setup. 
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Table 10. Summary of all the arbitrary parameters of the model 
Description Parameter Unit Value Detail 
Parameters 
pertaining 
to the 
source term 
𝛼 𝑘𝑔𝑚. 𝑠 1.3𝑒 − 6 
Represents the total amount of moisture in the source term. The 
parameter was calibrated based on 15% absorption capacity of 
LWA. A different absorption value for the LWA requires 
recalibration of this parameter. This parameter can also describe 
the dosage of LWA.   𝛽 1𝑠 2.4𝑒 − 6 Represents the rate of desorption of moisture from the source term. A different type of LWA with different desorption characteristics requires recalibration of this parameter. 
N - 45 
Represents the number of source terms in the domain. Only 45 
source terms in the domain was simulated in the developed 
model. Based on the dosage (volume percentage) of LWA in the 
sample, this parameter can be recalibrated. 
Parameters 
pertaining 
to the 
hydration 
term 
𝑙 1𝑠 3.8𝑒 − 6 All these parameters correlate to the hydration sink term. The model assumes a linear dependability between the rate of 
moisture immobilization due to hydration and moisture content 
at each point of the domain. It is therefore expected from the 
model to be able to capture the increase in degree of hydration 
due to the extra moisture released from the source. However, for 
considerable higher/lower w/c ratios, these parameters should be 
recalibrated. 
ℎ 1𝑠 7.6𝑒 − 6 𝑗 1𝑠 1.0𝑒 − 6 𝑘 1𝑠 2.5𝑒 − 6 
Parameters 
pertaining 
to the 
diffusivity 
term 
𝑏 𝑚4𝑠  3.0𝑒 − 11 These parameters correlate to the diffusivity. These two parameters have been calibrated for 0.34 w/c ratio. Changing the 
w/c ratio changes the cement paste microstructure and therefore 
changes the diffusivity. These parameters generally need to be 
recalibrated whenever the paste microstructure changes. 𝑚 1𝑠 1.0𝑒 − 7 
Surface 
factor 𝑘′ 𝑚𝑠  3.8𝑒 − 8 
The surface factor parameter has been calibrated based on the 
exposure condition of 50% RH and 23°C. Any change in the 
exposure condition that forces a different rate of moisture loss 
from the sample to the environment, requires a recalibration of 
this parameter. 
 4.5 Verification of the model 
Once the model has been established and the arbitrary parameters are calibrated based on 
experimental data, the accuracy of the model is further verified through additional experiments. A 
set of three experimental data points, both bulk and local, are used for this purpose; bulk weight 
loss, bulk moisture content, and local moisture content. Bulk weight loss is measured by weighing 
the sample which is exposed to surrounding unsaturated environment of 50% RH and 23°C. At 
least two samples were used for measurement at any time, and the obtained results were averaged. 
The experimental weight loss is then compared to the predictions obtained from the model to verify 
the results. 
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Bulk moisture content was measured by oven drying the sample and measuring the amount 
of evaporable water in 𝑘𝑔. The amount of evaporated water was divided by the total volume of the 
sample to obtain the moisture content. At least two samples are used for this purpose and the 
average is reported.  
Local moisture content in a sample was measured by splitting the sample into three pieces 
and comparing the weight of each piece before and after oven drying. The location of the splitting 
surfaces is shown in Figure 33. Although this method of measuring the moisture content is the 
most direct and reliable procedure, only the average moisture content of each piece can be 
calculated. Furthermore, since the samples are not usable after splitting, a large number of samples 
are required. This method was used previously in the literature by others [121, 144, 145]. In order 
to facilitate the process of splitting the sample instead of cutting which requires use of water as a 
lubricant and can hence alter the moisture content of the piece 3-D printed plastic meshes were 
placed inside the samples during casting. These meshes were 51 mm × 51 mm × 2 mm and 
consisted of 225 square holes of the size 3 mm × 3 mm. By measuring the bulk weight loss of 
samples with and without the embedded meshes, it was determined that these placing plastic 
meshes in the sample do not influence the moisture movement inside the sample drastically. As 
mentioned above, an alternative to this method was saw-cutting the samples at specified depth, 
however, it was determined that use of water or any sorts of lubricant for saw-cutting would greatly 
affect the moisture content results. Pictures of this experimental setup are presented in Figure 34. 
As shown in the figure, two meshes were placed into each sample, one 12 mm from the top and 
the other 24 mm from the top. It was determined that due to the low exposed surface to volume 
ratio of the samples used, the drying front does not reach too deep into the samples. Therefore, by 
placing the two meshed surfaces near the exposed surface, the movement of the drying front with 
time (even at early ages) was successfully captured and the validity of the model was then verified. 
It should also be noted that the samples were easily broken at the location of the meshes using a 
chisel and a hammer.  
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Figure 33. Location of the splitting surfaces 
   
Figure 34. Experimental setup for splitting the sample into three pieces 
12 mm
12 mm
174 mm
Top surface: Exposed
Sealed
Sealed
Sealed
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In the following sections, components of the model are verified individually and also 
combined together to ensure that the model is capable of capturing the coupling effect between 
different physical phenomenon (drying, hydration, and internal curing). 
4.5.1 Verification of the hydration term in sealed condition 
A sink term was introduced to the model as noted in Equation 4 – 23, to account for the 
loss of moisture due to hydration. This sink term is assumed to be linearly dependent on the 
moisture content itself. Moreover, the rate of water loss due to hydration is exponentially decaying 
with time, as described in Equation 4 – 21. The values for the arbitrary parameters of the hydration 
function, namely 𝑙, ℎ, 𝑗, and 𝑘, were determined using calorimetry as shown previously. A second 
verification step was undertaken to ensure the accuracy of the chosen values for the arbitrary 
parameters of the hydration function. The bulk moisture content was measured in sealed condition 
for samples without any LWA at 1, 3, 7, 14, 21, and 28 days of age. At least two samples were 
prepared and tested for each age and the percent difference between the two samples were less 
than 1%. The experimental results were then compared to the predictions obtained from the model 
as shown in Figure 35. A good agreement between the experimental results and predictions from 
the model can be seen in the figure with a maximum error of 5%. The accuracy of the values 
obtained for the hydration function is therefore verified.  
 
Figure 35. Experimental results and predictions from the model for moisture concentration 
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4.5.2 Verification of the hydration term in unsealed condition 
The model is tested by comparing the experimental results with predictions from the model 
in the case without any source term or LWA in the sample. The validity of the hydration term is 
therefore examined while coupled with moisture diffusion and evaporation on the top surface. 
Figure 36 and Figure 37 exhibit the moisture content profile at 7 and 28 days of age, respectively. 
As expected, moisture content is at its lowest at the top surface of the sample (𝑦 = 0.198	𝑚) where 
it is exposed to environment. By comparing Figure 36 and Figure 37, it can also be observed that 
the drying front has progressed as the sample aged. Drying front has reached 20	𝑚𝑚 and 38	𝑚𝑚 
at the age of 7 and 28 days, respectively.  
 
Figure 36. Moisture content profile without source term at 7 days 
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Figure 37. Moisture content profile without source term at 28 days 
In order to obtain model’s predictions for local moisture content, moisture content profiles 
at 7 days, 14 days, 21 days, and 28 days has been obtained using the model, and the average 
moisture content at different slices of the sample (as shown in Figure 33) was calculated. The 
obtained predictions were then compared to local moisture content obtained experimentally which 
was measured by splitting the sample into three pieces, the top 12 mm of the sample closest to the 
drying surface, 12 mm to 24 mm away from the drying, and 24 mm to bottom of the sample. 
Moisture content of each piece was measured by oven drying the sample and measuring the amount 
of water retained in each piece. The experimental results and predictions from the model are shown 
in Figure 38. As can be seen from the figure, the prediction from the model matches closely with 
the results obtained experimentally. The maximum difference between the experimental results 
and predictions from the model is 6%. 
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(a) 
 
(b) 
 
(c)  
Figure 38. Experimental results and predictions from the model for moisture content at different depth in samples 
without LWA while exposed to drying: (a) 0 – 12 mm, (b) 12 mm – 24 mm, and (c) 24 mm – 198 mm 
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4.5.3 Verification of the hydration term coupled with the source term 
Here, a sample with LWA in sealed condition is examined. In such condition, the coupled 
effect of the hydration sink term and the source term can be examined. Since there is no drying, it 
is expected that the local moisture content everywhere in the sample to be relatively similar. 
Therefore, only the bulk moisture content is examined. Since the loss of moisture from the top 
surface is prevented, it can be assumed that 𝑘 = 0. It should be noted that diffusion still occurs in 
the sample. As moisture desorbs from LWA, it diffuses outward towards places with lower 
moisture content. Therefore, in this step, the only arbitrary parameter that is not considered is the 
surface factor or k. The comparison between the experimental results and predictions from the 
model is shown in Figure 39. The prediction of the model seems to be valid for this case as well. 
 
Figure 39. Experimental results and predictions from the model for moisture concentration of the sealed samples 
with LWA 
4.5.4 Verification of the model with all its components 
In this last step of verifying the model, all the components of the model are considered to 
ensure the capability of the model in predicting weight loss and local moisture content when 
diffusion, hydration, and desorption of moisture from the source are all occurring together. Figure 
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40 exhibits the correlation between experimental results and predictions from the model for the 
weight loss measured on a sample with LWA. The percent variance of the data is less than 1%. 
 
Figure 40. Experimental results and predictions from the model for weight of the sample with LWA 
Besides comparing the bulk weight loss, local moisture content obtained experimentally 
and the predictions from the model was also compared. Moisture concentration profile was 
obtained using the model to find the average moisture concentration in each slice based on the 
model. It was observed that the number of source terms in the domain changes the average 
moisture concentration in slices. Realistically, the number of source terms should be equal to the 
number of individual LWA in the sample. However, increasing the number of sources would 
drastically increase the computational time for obtaining the moisture concentration profile. The 
number of source terms was therefore increased until a point at which adding more source terms 
would not change the local moisture content in slices significantly (a change less than 1% was 
considered to be insignificant).  
Figure 41 and Figure 42 exhibit the moisture concentration profile at 7 days, with 7 and 22 
source terms, respectively. As seen in the figures, regardless of the number of the source terms in 
the domain, they are positioned at equidistance within the two-dimensional domain. The total 
amount of moisture available in all sources together was also kept constant. After several trial and 
errors, 45 source terms were chosen for this simulation. It was determined that further increase in 
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the number of source terms does not change the predicted weight loss, local moisture content, nor 
bulk moisture content. 
 
Figure 41. Moisture concentration profile at 7 days with 7 source terms 
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Figure 42. Moisture concentration profile at 7 days with 22 source terms 
Local moisture content of the sample with LWA was also measured experimentally. The 
results are shown in Figure 43. A good correlation between the experimental results and 
predictions from the model can be observed in Figure 43 with a maximum percent difference of 
6%. It can therefore be concluded that the values assumed for the arbitrary parameters of the model 
are accurate and the model is hence capable of simulating an internally cured paste matrix exposed 
to environment.  
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(a) 
 
(b) 
 
(c) 
Figure 43. Experimental results and predictions from the model for moisture content at different depth in samples 
with LWA while exposed to drying: (a) 0 – 12 mm, (b) 12 mm – 24 mm, and (c) 24 mm – 198 mm 
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4.6 Model use cases and examples 
The developed model is capable of simulating any boundary conditions, geometry, 
environment condition, and mix design. The list below summarizes the situations where the model 
can be successfully employed to predict the moisture content with minor revisions: 
• The developed model is capable of simulating mixtures with w/c ratios of around 0.34. 
Higher/lower w/c ratios can also be simulated using the model by calibrating the 
arbitrary parameters of the hydration and diffusion terms.  
• A rectangular prism with any dimensions can be simulated using the model. The model 
assumes only the top surface exposed, however, if top and bottom surfaces are both 
exposed, the model can still be adopted by using the general rule of symmetry; the 
moisture movement inside a sample with top and bottom surfaces exposed is similar to 
a sample of half the depth with only top surface exposed. 
• Any condition for unsaturated surrounding environment can be simulated using the 
model. In this work in order to obtain the surface factor, a controlled environment of 
50% RH and 23°C was used. Any other environmental condition can also be simulated 
by recalibrating the surface factor. The recalibration can be performed by measuring 
total weight loss, bulk moisture content, or local moisture content, experimentally, and 
comparing the results to the predictions obtained from the model. 
• Use of diffusion equation to model the effect of internal curing on moisture content is 
a novel technique that has not been used previously in the literature. Furthermore, the 
model was solved analytically which ensures the high level of accuracy of the model. 
Since there are many source terms in the model, numerical solution could be very time-
consuming and computationally exhausting. Therefore, the availability of an analytical 
solution allows for obtaining the moisture content only for areas of interest in the 
domain, as opposed to numerical solutions at which the entire domain needs to be 
solved concurrently.  
• A sample LWA has been used to calibrate the arbitrary parameters of the source term. 
Any other type of LWA can also be simulated by recalibrating the same parameters. 
The model is used here to simulate several different situations and study the effect of 
changing the arbitrary parameters on the effectiveness of LWA to resaturate the emptied pores and 
increase the moisture content of the sample. The predictions obtained from the model is compared 
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to experimental results of drying shrinkage in the literature. It is believed that in similar 
circumstances, a mixture with higher moisture content reflects a lower drying shrinkage. 
Therefore, it can be considered that moisture content is indirectly related to drying shrinkage. 
4.6.1 Predicting total moisture loss 
The developed model can be used to predict moisture loss in cement-based materials. Here, 
the model’s arbitrary parameters are recalibrated to predict the results reported in reference [27]. 
In the mentioned reference, the weight loss of samples with different LWA volume percentages 
(0%, 14.3%, 23.7%, and 33%) is measured using a rectangular prism with dimensions of 75	mm	 × 	75	mm	 × 	285	mm. The results are exhibited in Figure 44. The samples are unsealed 
on two opposing sides. Using the general rule of symmetry based on the geometry of the sample, 
the dimension of the domain in the model is chosen to be 𝑙r = 75	𝑚𝑚 and 𝑙4 = 37.5	𝑚𝑚. The 
obtained results for the weight loss from the model is then multiplied by the factor of two to obtain 
the weight loss of the actual two-side unsealed sample. 
 
Figure 44. Experimental results of the mass loss of samples with different volume percentage of LWA, results taken 
from reference [27] 
The samples are dried in environmental condition similar to the one used in this work. 
Therefore, there was no need to recalibrate the surface factor, 𝑘′. Since the desorption versus time 
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results of the LWA used in reference [27] is not reported, a 𝛽  value of 	2.4𝑒 − 6 is considered which is based on the LWA used in this study. Moreover, the value of the 
arbitrary parameter 𝛼 was changed to account for comparatively lower absorption capacity of the 
LWA used in reference [27]; 10.5% absorption based on 24-hour submersion under water as 
opposed to 15% for the LWA used in this study. The new recalibrated value of 𝛼 was found to be 8.7𝑒 − 7 . The arbitrary parameters of the hydration function were not recalibrated as no 
information was reported on the type of cement used in reference [27]. Finally, since mortar 
mixtures with a mixing w/c ratio of 0.3 are used in reference [27], the model is recalibrated to 
obtain the values of arbitrary parameters pertaining to the diffusivity term, i.e. 𝑏 and 𝑚. The 
recalibration is done based on the reported mass loss of the control mixture with 0.0% LWA. The 
obtained values for 𝑏  and 𝑚  are 1.3𝑒 − 11  and 1.2𝑒 − 7 . The goodness of fit between the 
experimental results and predictions from the model can be observed in Figure 45. The percent 
variance of the fit is less than 1%.  
 
Figure 45. Experimental results and predictions from the model for mass loss of the sample without LWA 
The moisture content profile of the samples with 0.0% and 33.0% LWA at the age of 7 
days is shown in Figure 46. The plots exhibit moisture content in a cross-section of the sample. 
The 𝑦 axis shows the distance from the bottom exposed surface; assuming both the top and bottom 
surfaces are exposed, and the sides are sealed similar to the experimental setup reported in 
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reference [27]. It can be seen that in both cases, the moisture content near the exposed surfaces is 
lowest in the sample. The middle of the sample 𝑦 = 37.5	𝑚𝑚  has the highest moisture 
concentration. For the samples with LWA, 40 source terms in the domain was assumed and the 
total moisture in LWA was distributed equally between the individual source terms. 
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(a) 
 
(b) 
Figure 46. Moisture content profile at 7 days of age for: (a) 0.0% LWA and (b) 33.0% LWA 
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Figure 47 exhibits experimental results and predictions from the model for mass loss of 
samples with different volume percentage of LWA. As seen in the figure, the model was capable 
of successfully predicting the experimental results with a maximum error percentage of 5%. The 
error in the simulation might be due to not calibrating the arbitrary parameters for the source term 
(𝛽) and hydration term (ℎ, 𝑗, 𝑘, 𝑙).  
 
Figure 47. Experimental results and predictions from the model for mass loss of samples with different volume 
percentage of LWA  
4.6.2 The extent of internal curing water’s travel distance into the paste matrix 
One important factor that influences the extent of benefit of internal curing is the distance 
which LWA’s absorbed moisture can travel through the paste matrix. The study of distribution of 
LWA in the paste structure to avoid self-desiccation in cement-based samples is similar to 
investigation of the system of air voids to protect the paste from freeze-thaw damage in which the 
concept of protected paste volume is discussed [146, 147]. In internal curing, the protected paste 
volume is determined based on the distance that the water absorbed in LWA can travel and the 
fraction of the paste in that given distance [148]. Therefore, in order to obtain the required spatial 
distribution of LWA to completely protect the paste from self-desiccation, the distance that the 
water in LWA can diffuse through the paste structure needs to be determined.  
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Lura et. al [149] studied the moisture movement inside internally cured cement paste 
samples with 0.3 w/c ratio using X-ray absorption technique. It was observed that the water can 
travel up to 4 mm into the paste structure during the first few days of hydration. Bentz et. al [150] 
used X-ray microtomography to determine the protected paste volume with a given spatial 
distribution and particle size distribution of LWA. It was determined that the paste volume within 
2 mm of LWA will remain saturated in a mortar mixture with 0.35 w/c ratio. Using a three-
dimensional hard-core-soft-shell model [117] it was determined that 97% of total cement paste lies 
within 2 mm of an LWA, given a well distributed fine LWA with sufficient internal curing water 
in the sample.  
Following the work of previous studies, Henkensiefken et al. [151] used X-ray absorption 
to determine how far water travels from LWA in plain paste with 0.3 w/c ratio. Figure 48 shows 
the moisture movement from LWA into the cement paste matrix taken from reference [151]. 
Higher number of counts measured using X-ray absorption corresponds to an increase in the 
density of the material which is due to the water moving from the LWA interface (located at 0.0 
mm) into the paste matrix. As seen in Figure 48 a clear water front can be observed in the sample 
at the age of 12, 24, and 75 hours. It is reported that the water can travel up to 1.8 mm from LWA 
into the paste matrix after 24 to 75 hours.  
 
Figure 48. Moisture movement from LWA into the cement paste, figure taken from [151] 
A more accurate measurement of water movement inside internally cured cement paste 
with 0.25 w/c ratio was performed by Trtik et. al [152]. Local water distribution in a cement paste 
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sample with one pre-soaked LWA was measured by subtraction of 3D images obtained by 
subsequent neutron tomographies. Furthermore, a high-resolution image of the sample was 
captured by X-ray tomography to determine the exact location of LWA and its interface. It was 
determined that the internal curing water traveled at least 3 mm into the cement paste in the first 
day.  
In order to study the travel distance of the moisture in the source term, the model is 
modified to represent a sealed condition (basically the 𝑘′ parameter was set to zero). A single 
source term is then simulated to investigate the moisture movement in the sample. The moisture 
content around the source term is then calculated. The water front of the source term’s diffused 
moisture is then assumed to be where beyond this point the moisture content does not change 
drastically (<0.1% change in moisture content). Figure 49 exhibits the change in the moisture 
content due to a single source term which is located at the point (0,0). It can be seen that as the 
sample ages, the travel distance of the source term’s water increases. The maximum travel distance 
of the source term’s water at 1, 3, 7, and 14 days is measured to be 2.4 mm, 4.0 mm, 5.2 mm, and 
5.6 mm, respectively.  
Due to some fundamental difference in the experimental procedure, such as w/c ratio and 
type of cement and LWA used, a direct comparison might not be appropriate. Nonetheless, the 
predictions from the model is close to what is reported in the literature. Based on the above 
literature review the travel distance for LWA’s water seems to be between 1.8 mm to 4.0 mm at 
early ages. This value is predicted to be 2.4 mm using the model. 
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(a) 
 
(b) 
 
(c) 
 
(d) 
Figure 49. Change in moisture content due to a single source term located at the origin (0,0) at the ages of (a) 1 day, 
(b) 3 days, (c) 7 days, and (d) 14 days 
4.6.3 Effect of amount of water absorbed in LWA 
It is reported in the literature that an increase in the amount of water absorbed in LWA, 
results in an increase in its effectiveness in counteracting drying and autogenous shrinkage [44]. 
Moreover, it is also reported that an increase in the amount of water absorbed in LWA results in 
an increase in internal RH of the sample [40]. It is therefore intuitive to assume that an increase in 
the amount of absorbed moisture in the source term should result in an increase in the amount of 
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moisture concentration throughout the sample. This theory was examined using the model. In order 
to change the amount of water absorbed in the source term, 𝛼 was modified. The value of all other 
arbitrary parameters of the model was kept unchanged.  
Figure 50 exhibits the moisture concentration profile at the middle of the sample (𝑥 =26	𝑚𝑚) versus the position in 𝑦 axis. Two different amounts of moisture absorbed, 5% and 30%, 
at 7 days and 28 days were studied. The bumps in the profile arises from the release of moisture 
from the source terms. The bumps are less visible when the sample ages due to diffusion of 
moisture away from the source locations. It can also be seen from Figure 50 that the drying front 
penetrates deeper into the sample as the sample ages, 11 mm from the exposed surface at 7 days 
and versus 26 mm at 28 days. It can also be observed that an increase in the amount of moisture 
available in the source term, results in an increase in moisture concentration of the sample 
throughout the sample. Moisture content increases by 32.5% at 7 days and 37.0% at 28 days at the 
exact positions where sources are located. Furthermore, away from the locations of the sources, 
the moisture content increases by at least 1.2% at 7 days and 7.6% at 28 days. The higher 
percentage of increase in moisture content at later ages is due to a more uniform distribution of 
moisture throughout the sample. 
 
Figure 50. Effect of amount of moisture in LWA on moisture concentration at 7 and 28 days of age 
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Figure 50 exhibits moisture concentration near the exposed sample surface (0 – 12 mm 
slice) at different ages with different amount of available water in the source term. It can be seen 
that increasing the amount of water absorbed in the source term increases the moisture 
concentration of the sample. The effect of amount of water absorbed in the source term on moisture 
content seems to be less and less pronounced as the amount of water absorbed in the source term 
increases. An increase from 5% moisture absorbed in LWA to 15% results in a 16% increase in 
moisture content. However, an increase from 30% moisture absorbed in LWA to 45% only results 
in 5% increase in moisture content.  
 
Figure 51. Effect of amount of moisture in LWA on moisture concentration of the top 0 – 12 mm slice 
4.6.4 Effect of desorption rate of LWA 
The desorption characteristics of LWA has been studied previously by others [20, 21, 26]. 
In the mentioned studies, the amount of water that may be released from LWA to surrounding 
paste matrix has been determined at different RH. It is reported that the majority of water is lost at 
a high RH (RH> 96%) [26]. It is therefore concluded that the water absorbed in LWA is readily 
available for cement paste to counteract self-desiccation. However, none have studied the 
influence of rate of desorption (how fast/slow the water is released) on the effectiveness of LWA 
to counteract drying and autogenous shrinkage. It can be argued that fast desorption rate of water 
from LWA in early ages might cause the desorbed water to be lost due to evaporation. Furthermore, 
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slower desorption rate might be more beneficial since with age concrete densifies and it therefore 
can keep the desorbed LWA moisture more efficiently.  
In Chapter 2 it was mentioned that a change in LWA’s desorption rate may assist in 
retaining the moisture absorbed in LWA for longer period of time to more efficiently resaturate 
the emptied pore. Therefore, it was hypothesized that LWA with lower desorption rate may be 
more beneficial in reducing drying shrinkage. This hypothesis is tested here by changing the value 
of the arbitrary parameter 𝛽. Since there was no experimental observation to verify the new values 
for 𝛽, its value was decreased and increased by 25% to represent a lower and higher desorption 
rate for the LWA. It should be noted that the values of all other arbitrary parameters were kept 
unchanged. Figure 52 exhibits the effect of changing the 𝛽 value on the desorption rate of the 
source term compared to a default 𝛽 value that corresponds to measured desorption rate at 94% 
relative humidity. At the age of 7 days, the default desorption characteristic of the source term 
results in 24.0% retained moisture. A 25% reduction in 𝛽 value results in 34.3% retained moisture 
at 7 days and a 25% increase in 𝛽 value results in 16.8% retained moisture at 7 days. 
 
Figure 52. Effect of changing the 𝛽 value on the desorption rate at 94% RH  
The predictions obtained from the model are shown in Figure 53. It can be seen that at the 
bottom of the sample where the drying front has not reached yet, lower desorption corresponds to 
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higher moisture concentration. The moisture content at the bottom of the sample is barely affected 
by the drying at the exposed surface since the drying front does not penetrate too deep into the 
sample. It can be argued that the condition of the bottom of the sample is similar to sealed 
conditions. Therefore, at the bottom of the sample, the moisture desorbed from the source term 
either increases the local moisture concentration or is lost due to cement hydration. In such case, 
higher desorption rate would release more water at early ages when the rate of cement hydration 
is higher and therefore more hydration occurs. This in turn results in lower local moisture 
concentration at the bottom of the sample since more water is lost due to hydration. On the other 
hand, a lower desorption rate retains the water for a longer period of time and releases the water 
only when the cement is less prone to hydration, resulting in higher local moisture concentrations.  
On the top of the sample, 0 – 12 mm, it can be seen that a low desorption rate would result 
in higher moisture concentration as seen in Figure 53 (b). At the top of the sample, drying severely 
affects the local moisture concentration. A slower desorption rate would release the absorbed water 
in LWA only when the paste matrix is more hydrated and denser which results in a lower 
diffusivity. With a reduction in diffusivity it becomes harder for the moisture to escape the paste 
matrix and reach the surface to be evaporated. Therefore, the paste matrix can retain the water 
desorbed from the LWA more effectively. It can therefore be argued that a slower desorption rate 
might be more beneficial in terms of resaturating the emptied pores due to self-desiccation or 
evaporation and can therefore counteract autogenous and drying shrinkage more effectively.   
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(a) 24 – 195 mm 
 
(b) 0 – 12 mm 
Figure 53. Moisture concentration predictions obtained from the model for different desorption parameters at: (a) 24 
– 195 mm and (b) 0 – 12 mm 
4.6.5 Effect of surface factor 𝒌, or the severity of drying condition 
The surface factor or 𝑘 determines the severity of drying condition. So far, the presented 
results were based on 50% RH and 23°C. In this section a harsher drying condition, specifically a 
RH of 28%, is studied to explore the effectiveness of LWA in resaturating the emptied pores and 
increasing the moisture content in a rather harsh drying environment. A controlled environment 
with 28% RH were created using a solution of glycerol. Since only the exposure condition (RH) 
has been modified, the arbitrary parameter of 𝑘  has to be recalibrated. It is assumed that the 
arbitrary parameters defining the diffusion term, hydration term, and source term remains 
unchanged. The mass loss of a sample in such environment was experimentally measured and the 
value of 𝑘 was recalibrated to a value of  4.5𝑒 − 8. The values of experimental and simulated 
mass loss and the fit between the two is presented in Figure 54. The percent variance of the data 
is less than 1%. 
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Figure 54. Experimental results and predictions from the model for weight loss of a sample at 28% RH 
After determining the surface factor, the influence of desorption rate on moisture content 
is studied. Figure 55 exhibits the effect of desorption rate on moisture content when outside relative 
humidity is 28%. The default desorption parameter 𝛽 was reduced and increased by 25%, similar 
to the previous section. The effect of changing the value of 𝛽 on desorption characteristics of the 
source is shown in Figure 52. From Figure 55 it can be seen that at early ages (less than 7 days) 
the source term with low desorption rate exhibits lower moisture concentration as compared to the 
other two situations in which the source terms have higher desorption rates. This behavior is due 
to the severe drying condition and a low desorption rate which retains the moisture inside LWA 
for longer periods of time. At later ages though the behavior changes. The mixture containing the 
sources with low desorption rate exhibits higher moisture concentration as compared to the other 
two simulated mixtures.  
As discussed previously, a slower desorption rate releases the moisture in the source only 
when the paste matrix is relatively more hydrated and denser. Therefore, the paste matrix can retain 
the water desorbed from the source more effectively. This is specifically true in harsher drying 
conditions at which the susceptibility of moisture in the source to evaporation is higher. This was 
also discussed in Chapter 2 of this thesis. It was observed that the benefit of LWA in reducing 
drying shrinkage is more pronounced in milder drying conditions. Similar behavior is also 
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observed here. At milder drying conditions, reducing the desorption rate of the source term (from 
medium desorption rate, 𝛽 = 2.4𝑒 − 6, to low desorption rate, 𝛽 = 1.8𝑒 − 6) resulted in 28% 
increase in moisture concentration at 28 days, as shown in Figure 53 (a). Comparatively, a similar 
reduction in the desorption rate of the source term in a harsher drying condition resulted in 36% 
increase in moisture concentration at 28 days, as shown in Figure 55.  
 
Figure 55. Moisture concentration predictions from the model for different desorption parameters at top of the 
sample, 0 – 12 mm  
4.7 Conclusions 
A model was developed to simulate moisture movement inside internally cured cement-
based materials using diffusion equation. A time-dependent source term was used to simulate the 
desorption of water from LWA to surrounding paste matrix. Moreover, a time-and-moisture-
dependent sink term was used to simulate the immobilization of water due to hydration. The model 
was solved analytically, and its arbitrary parameters were calibrated experimentally from the 
results obtained from isothermal calorimetry, total moisture loss, and bulk moisture content. The 
model was also verified experimentally to ensure the accuracy of the predictions. 
The developed model was then used to study the behavior of LWA in different 
environmental conditions as summarized below: 
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• Total moisture loss of samples with different volume percentages of LWA were 
predicted using the model. The predictions from the model were compared to 
experimental results reported in the literature to ensure the accuracy of the model. A 
maximum percent error of 5% between experimental results and predictions from the 
model was observed. It was argued that recalibration of the arbitrary parameters in the 
hydration term and source term based on experimental isothermal calorimetry and 
desorption results, respectively, may have reduced the percentage of error even further. 
However, this recalibration could not be performed since such data were unavailable. 
• The travel distance of moisture from the source was studied using the model. Assuming 
a sealed condition, a single source term, and obtaining the moisture content around the 
source using the model, the extent of the travel distance of source term’s diffused 
moisture is achieved. A travel distance of 2.4 mm at 1 day of age was predicted by the 
model which is close to what is reported in the literature, 1.8 mm to 4.0 mm at early 
ages. 
• The effect of amount of moisture absorbed in LWA on local moisture concentration 
was studied using the model. It was observed that increasing the amount of water 
absorbed in the source increases the moisture concentration of the sample. Moreover, 
it was observed that the effect of amount of water absorbed in the source on moisture 
content seems to be less and less pronounced as the amount of water absorbed in the 
source increases. 
• The effect of desorption rate of moisture from LWA to surrounding paste matrix was 
also explored using the model. It was argued that a slower desorption rate releases the 
source’s moisture at later ages when the paste matrix is more hydrated and denser. 
Therefore, the paste matrix can retain the water desorbed from the source more 
effectively. This was observed using the model both at 50% and 28% RH. Moreover, 
based on the predictions obtained from the model, it was exhibited that the benefit of 
lowering the desorption rate on moisture content, is more pronounced at harsher drying 
conditions. 
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Chapter 5  
Conclusions and Future Work 
Concrete bridge decks are highly susceptible to cracking caused by drying shrinkage due 
to their large surface-to-volume ratios, which result in a high rate of moisture loss from the exposed 
surface. This study examined the effectiveness of pre-soaked LWA on shrinkage mitigation. LWA 
can provide an extra moisture reservoir for concrete and cure the mixture from within. It can 
therefore alleviate self-desiccation (or internal drying) that occurs as a result of cement hydration. 
Hence, autogenous shrinkage can be greatly reduced when LWA is added to a mixture. 
5.1 Conclusions 
It was hypothesized that the rate of moisture loss from mortar samples in unsealed 
conditions greatly affects the desorption rate of LWA, which in turn controls the microstructure 
development and shrinkage. A detailed experimental plan was developed based on this hypothesis 
and it was determined that LWA is more beneficial in reducing drying shrinkage in milder drying 
conditions, i.e. when the rate of moisture loss from the mixture to the environment is lower. It was 
also observed that sealed curing can amplify the benefit of LWA in reducing drying shrinkage. 
The pronounced advantage of using LWA in unsealed conditions was further demonstrated by 
measuring non-evaporable water content. It was noted that the increase in the amount of non-
evaporable water content when LWA is added to the mixture, was greater in milder drying 
conditions. 
In an effort to design a volumetrically stable internally cured cement-based material, 
deformation and microstructure characteristics of OPC–CSA mortar and concrete mixtures under 
sealed and unsealed conditions were examined. It was hypothesized that curing OPC–CSA 
mixtures internally through the use of pre-soaked LWA, promotes hydration of CSA cement which 
in turn results in reducing autogenous and drying shrinkage and also benefits the mixture in terms 
of microstructure development. It was observed that addition of LWA to OPC–CSA mortar and 
concrete mixtures amplifies the early age expansion. It was also noted that LWA can benefit the 
mixture in reducing porosity and increasing compressive strength at later ages (28 days). 
Furthermore, it was determined that the extent of early age expansion of OPC–CSA mortar 
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mixtures directly correlates to the volume fraction of ettringite in total pore volume (Sc) divided 
by dynamic modulus of the sample. 
In order to study the influence of absorption and desorption characteristics of LWA on its 
efficiency to resaturate the emptied pores, a two-dimensional diffusion equation was developed. 
A time-dependent source term has been added to the model to simulate the desorption of moisture 
from pre-soaked LWA to surrounding paste matrix. The developed model was then analytically 
solved and experimentally verified by measuring total moisture loss, bulk moisture content, and 
local moisture content to ensure the accuracy of its predictions. Several use-cases of the model 
were reported to show its capability in simulating different experimental setups. Total moisture 
loss of samples with different volume percentages of LWA was successfully predicted using the 
model with a maximum percent error of 5% as compared to experimental results reported in the 
literature. Furthermore, travel distance of moisture from the source into the paste matrix was 
studied using the model. It was determined that the desorbed moisture from the source can travel 
up to 2.4 mm during the first day. This prediction is close to what has been previously reported in 
the literature; 1.8 mm to 4.0 mm at early ages. The model also predicted that increasing the amount 
of water absorbed in the source increases the moisture concentration of the sample. Finally, the 
effect of desorption rate of moisture from LWA to surrounding paste matrix was explored using 
the model. It was shown that lowering the desorption rate of LWA benefits the mixture in terms 
of moisture concentration. Moreover, it was shown that this beneficial performance of LWA is 
more prominent at harsher drying conditions. 
5.2 Future Work 
In an effort to change the severity of drying condition and study its influence on the 
performance of LWA, the number of unsealed sides of the sample was reduced (from four sides 
unsealed to two sides and one side unsealed). Using this simple method, the rate of moisture loss 
from the sample was changed and its consequence on the performance of LWA was studied. 
However, the effect of changing the number of sides unsealed on the mechanism of moisture 
movement inside the sample might have an impact on the obtained results and conclusions. 
Therefore, it would be interesting to exercise a similar experimental plan by changing the drying 
environment (changing the environment RH or temperature) to ensure the reliability of the reported 
results.  
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Using the developed diffusion model, it was exhibited that the desorption rate of LWA 
affects its behavior in terms of local moisture content. This conclusion can be further explored 
using superabsorbent polymers (SAP) [153]. The mechanism of using SAP as an internal curing 
agent is very similar to that of LWA. SAP can absorb water and basically form micro-inclusions 
inside concrete. This absorbed water can be released when needed. However, SAPs have vastly 
different physical characteristics (such as rate of absorption and desorption), mainly influenced by 
their chemical formula. For instance, in a recently published paper [154], the desorption rate to the 
surrounding paste matrix of two different type of SAPs was studied. Both SAPs were synthesized 
by means of block polymerization and then crushed to form a powder. The first SAP had the 
maximum relative anionicity and was produced using acrylic acid as the sole main monomer with 
a relatively high cross-linking density. On the contrary, the second SAP was synthesized in a way 
to have a lower anionicity using two main monomers of acrylic acid and acryl amide. It was 
observed that due to the degree of anionicity and cross-linking density of the two synthesized 
polymers, their sorption kinetics was considerably different from one another. Similarly, Schröfl 
and Mechtcherine [155] tested several different types of SAPs. The relative density of anionic 
groups in the polymer and the relative crosslinking density of the tested SAPs are exhibited in 
Figure 56. It was observed that the two mentioned factors greatly affect the sorption kinetics of 
SAP. For instance, it was observed that SAP B starts releasing its absorbed water immediately, 
whereas “retentive” SAP D started releasing water after a period of time [156]. The importance of 
particle size distribution on the sorption kinetics was also emphasized in the mentioned research. 
A similar principle can be used to study the effect of the rate of release of internal curing water on 
drying shrinkage and moisture content.  
 
Figure 56. Anionicity and crosslinking density of different SAPs – taken from [155] 
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The developed model was only used to simulate the moisture movement inside cement-
based samples with 0.34 w/c ratio. It would be interesting to study higher/lower w/c ratios to 
explore the efficiency of LWA in resaturating emptied pores at a different w/c ratio. This can be 
done by recalibrating the arbitrary parameters of the hydration and diffusion function using the 
results obtained from isothermal calorimetry and total weight loss, respectively. Furthermore, the 
effect of sealed curing can also be studied using the developed model. The diffusion function’s 
arbitrary parameters can be recalibrated to simulate the start of drying at a later age, after the period 
of sealed curing. The recalibration can be performed using experimental results obtained from total 
mass loss or local moisture content.  
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Appendix A: Analytical Solution of the Developed Model 
The developed diffusion model described Chapter 4 is solved using the concept of Green’s 
function. Green’s function is a common method in solving linear PDEs. A property of linear PDEs 
is that if two functions are each a solution to a PDE, then any linear variation of the two functions 
is also a solution to the PDE. This property of linear PDEs is used to drive general solutions to be 
used for inhomogeneous boundary conditions. The PDE is solved based on the formula presented 
in page 492 of “handbook of linear partial differential equations for engineers and scientists,” 
second edition. The developed model can be summarized as: 
𝜕𝐶𝜕𝑡 = 𝐷(𝑡) 𝜕4𝐶𝜕𝑥4 + 𝜕4𝐶𝜕𝑦4 + 𝜙(𝑥, 𝑦, 𝑡) + 𝐻(𝑡, 𝐶)	 A – 1 
where, 
𝜙(𝑥, 𝑦, 𝑡) = 	𝛼𝛿(𝑥 − 𝑥H)𝛿(𝑦 − 𝑦H) 𝑒𝑥𝑝(−𝛽𝑡),		𝐷(𝑡) = 𝑏	𝑒𝑥𝑝(−𝑚𝑡),		𝑓(𝑡) = −𝑙	𝑒𝑥𝑝(−ℎ𝑡) − 𝑗𝑒𝑥𝑝(−𝑘𝑡)	
A – 2  
A – 3  
A – 4  
The boundary and initial conditions are listed below: 
𝐼𝑛𝑖𝑡𝑖𝑎𝑙	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛: 𝐶(𝑥, 𝑦, 0) = 𝐶H	𝐶𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡 = ∞: 𝐶(𝑥, 𝑦,∞) = 𝐶^	
𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡ℎ𝑒	𝑙𝑒𝑓𝑡	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦: 𝑎𝑡	𝑥 = 0	 → 	𝜕𝐶𝜕𝑥 = 0		
𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡ℎ𝑒	𝑏𝑜𝑡𝑡𝑜𝑚	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦: 𝑎𝑡	𝑦 = 0	 → 	𝜕𝐶𝜕𝑦 = 0		
𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡ℎ𝑒	𝑟𝑖𝑔ℎ𝑡	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦: 𝑎𝑡	𝑥 = 𝑙r 	→ 	𝜕𝐶𝜕𝑥 = 0	
A – 5 
A – 6 
A – 7 
  
A – 8 
A – 9  
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𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦	𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛	𝑎𝑡	𝑡ℎ𝑒	𝑡𝑜𝑝	𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦: 𝑎𝑡	𝑦 = 𝑙4 	→ 	𝜕𝐶𝜕𝑦 + 𝑘𝐷 𝐶D = 𝑘𝐶∗𝐷 							 A – 10 
The Green’s function can be formed as defined below: 
𝐺(𝑥, 𝑦, 𝜉, 𝜂, 𝑡, 𝜏) = 𝐺r(𝑥, 𝜉, 𝑡, 𝜏)𝐺4(𝑦, 𝜂, 𝑡, 𝜏)	 A – 11 
where 𝐺r = 𝐺r(𝑥, 𝜉, 𝑡, 𝜏)  and 𝐺4 = 𝐺4(𝑦, 𝜂, 𝑡, 𝜏) , 𝑡 ≥ 𝜏 , are auxiliary Green’s functions 
determined by the following equations: 
𝜕𝐺r𝜕𝑡 = 𝐷(𝑡) 𝜕4𝐺r𝜕𝑥4 + 𝑓(𝑡)𝐺r,	𝐺r = 𝛿(𝑥 − 𝜉)					𝑎𝑡				𝑡 = 𝜏,	𝜕1𝐺r = 0																𝑎𝑡				𝑥 = 0,	𝜕1𝐺r = 0																𝑎𝑡				𝑥 = 𝑙r,	
A – 12 
 𝜕𝐺4𝜕𝑡 = 𝐷(𝑡) 𝜕4𝐺4𝜕𝑦4 ,	𝐺4 = 𝛿(𝑦 − 𝜂)					𝑎𝑡				𝑡 = 𝜏,	𝜕b𝐺4 = 0																𝑎𝑡				𝑦 = 0,	𝜕b𝐺4 + 𝑘𝐺4 = 0				𝑎𝑡				𝑦 = 𝑙4,	
A – 13 
Equations A – 12 and A – 13 can be solved using a transformation of variables. For 
Equation A – 12 the following transformation leads to a constant coefficient PDE: 
𝐺r(𝑥, 𝑡) = 𝑢(𝑥, 𝑞)𝑒𝑥𝑝	 «¢ 𝑓(𝑡)𝑑𝑡¬,	 A – 14 
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𝑤ℎ𝑒𝑟𝑒					𝑞 = ¢𝐷(𝑡)𝑑𝑡 = 	− 𝑏𝑚 	𝑒𝑥𝑝(−𝑚𝑡)	
Therefore, by putting Equation A – 14 into Equation A – 12: 
𝜕𝐺r𝜕𝑡 = 𝜕𝑢(𝑥, 𝑞)𝜕𝑞 𝐷(𝑡)𝑒𝑥 𝑝 «¢𝑓(𝑡)𝑑𝑡¬ + 𝑢(𝑥, 𝑞)𝑓(𝑡)𝑒𝑥𝑝	 «¢𝑓(𝑡)𝑑𝑡¬,	
𝐷(𝑡) 𝜕4𝐺r𝜕𝑥4 + 𝑓(𝑡)𝐺r= 𝐷(𝑡) 𝜕4𝑢(𝑥, 𝑞)𝜕𝑥4 𝑒𝑥 𝑝 «¢𝑓(𝑡)𝑑𝑡¬ + 𝑓(𝑡)𝑢(𝑥, 𝑞)𝑒𝑥 𝑝 «¢𝑓(𝑡)𝑑𝑡¬,	
=> 𝜕𝑢(𝑥, 𝑞)𝜕𝑞 = 𝜕4𝑢(𝑥, 𝑞)𝜕𝑥4 	
A – 15 
The Green’s function for Equation A – 15 can be written as follows: 
𝐺rr(𝑥, 𝛿, 𝑞) = 1𝑙r +¥ 2𝑙r 𝑐𝑜𝑠 𝑛𝜋𝑙r 𝑥 𝑐𝑜𝑠 𝑛𝜋𝑙r 𝛿 𝑒𝑥𝑝 ±−𝑛4𝜋4𝑙r4 (𝑞 − 𝜏)²SQ§r 	 A – 16 
With the above Green’s function and the boundary conditions noted in Equation A – 12, 𝐺r can be written as: 
𝐺r(𝑥, 𝜉, 𝑡, 𝜏) = 𝑒𝑥𝑝 «𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝑡) + 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝑡) − 𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝜏) − 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝜏)¬ ∗	
Û1𝑙r + 2𝑙r¥ 𝑐𝑜𝑠(𝑛𝜋𝑥𝑙r )𝑐𝑜𝑠(𝑛𝜋𝜉𝑙r )𝑒𝑥𝑝 ·𝑛4𝜋4𝑙r4 𝑏𝑚 𝑒𝑥 𝑝(−𝑚𝑡) − 𝑏𝑚 𝑒𝑥 𝑝(−𝑚𝜏)¸SQ§r Ü	
A – 17 
Similarly, for solving Equation A – 13 the below transformation of variables can be utilized 
to obtain a constant coefficient PDE: 
𝐺4(𝑦, 𝑡) = 𝑢(𝑦, 𝑞),	 A – 18 
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𝑤ℎ𝑒𝑟𝑒					𝑞 = ¢𝐷(𝑡)𝑑𝑡 = 	− 𝑏𝑚 	𝑒𝑥𝑝(−𝑚𝑡)	
Therefore, using the above transformation of variables and the boundary conditions noted 
in Equation A – 13, 𝐺4 can be written as: 
𝐺4(𝑦, 𝜂, 𝑡, 𝜏) = ¥2𝑐𝑜𝑠(𝜇Q𝑦)𝑐𝑜𝑠(𝜇Q𝜂)𝑙4 + 𝑘′𝐷𝜇Q4 + 𝑘′𝐷4
S
Q§r 𝑒𝑥𝑝 °𝜇Q4 ±𝑏𝑚 𝑒𝑥𝑝(−𝑚𝑡) − 𝑏𝑚 𝑒𝑥𝑝(−𝑚𝜏)²³	 A – 19 
where 𝜇Q are the positive roots of the following equation: 
𝜇𝑡𝑎𝑛(𝜇𝑙4) = 𝑘𝐷	 A – 20 
Therefore, Based on Equation A – 11, 𝐺(𝑥, 𝑦, 𝜉, 𝜂, 𝑡, 𝜏) can be written as: 
𝐺(𝑥, 𝑦, 𝜉, 𝜂, 𝑡, 𝜏) = 𝐺r(𝑥, 𝜉, 𝑡, 𝜏)𝐺4(𝑦, 𝜂, 𝑡, 𝜏)= 𝑒𝑥𝑝 «𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝑡) + 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝑡) − 𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝜏) − 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝜏)¬ ∗	
Û1𝑙r + 2𝑙r ¥ 𝑐𝑜𝑠(𝑛𝜋𝑥𝑙r )𝑐𝑜𝑠(𝑛𝜋𝜉𝑙r )𝑒𝑥𝑝 ·𝑛4𝜋4𝑙r4 𝑏𝑚 𝑒𝑥 𝑝(−𝑚𝑡) − 𝑏𝑚 𝑒𝑥 𝑝(−𝑚𝜏)¸SQ§r Ü∗¥2𝑐𝑜𝑠(𝜇Q𝑦)𝑐𝑜𝑠(𝜇Q𝜂)𝑙4 + 𝑘′𝐷𝜇Q4 + 𝑘′𝐷4
S
Q§r 𝑒𝑥𝑝 °𝜇Q4 ±𝑏𝑚 𝑒𝑥𝑝(−𝑚𝑡) − 𝑏𝑚 𝑒𝑥𝑝(−𝑚𝜏)²³	
A – 21 
Based on the above Green’s function, 𝐶(𝑥, 𝑦, 𝑡) can be written as: 
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𝐶(𝑥, 𝑦, 𝑡) = ¢ ¢ 𝐶HÝvH 𝐺(𝑥, 𝑦, 𝜉, 𝜂, 𝑡, 0)𝑑𝜂𝑑𝜉ÝH+ ¢ ¢ ¢ 𝛼𝛿(𝜉 − 𝑥H)𝛿(𝜂ÝvHÝHRH− 𝑦H) 𝑒𝑥𝑝(−𝛽𝜏) 𝐺(𝑥, 𝑦, 𝜉, 𝜂, 𝑡, 𝜏)𝑑𝜂𝑑𝜉𝑑𝜏+ ¢ ¢ 𝑏𝜏/ÝH 𝐺(𝑥, 𝑦, 𝜉, 𝑙4, 𝑡, 𝜏)𝑑𝜉𝑑𝜏RH 	
A – 22 
The above integration can be separated into three parts; the first part, ∫ ∫ 𝐶HÝvH 𝐺(𝑥, 𝑦, 𝜉, 𝜂, 𝑡, 0)𝑑𝜂𝑑𝜉ÝH , relates to the initial condition and is denoted as 𝐶¯(𝑥, 𝑦, 𝑡), the 
second part, ∫ ∫ ∫ 𝛼𝛿(𝜉 − 𝑥H)𝛿(𝜂 − 𝑦H) exp(−𝛽𝜏)ÝvH 𝐺(𝑥, 𝑦, 𝜉, 𝜂, 𝑡, 𝜏)𝑑𝜂𝑑𝜉𝑑𝜏ÝHRH , relates to the 
source term and is denoted as 𝐶D(𝑥, 𝑦, 𝑡), and the last part,	∫ ∫ 𝑏𝜏/ÝH 𝐺(𝑥, 𝑦, 𝜉, 𝑙4, 𝑡, 𝜏)𝑑𝜉𝑑𝜏RH , 
relates to the boundary condition on the exposed surface and is denoted 𝐶à(𝑥, 𝑦, 𝑡). It should be 
noted that for multiple source terms, the integration relating to the source term must be recalculated 
multiple times. However, since only the constants 𝛼 and 𝛽 changes for different source terms, the 
recalculation can be performed with ease.  
After calculating the integrations in Equation A – 22, the final solution of the PDE for 
multiple source terms can be written as:  
𝐶 = 𝐶r +¥𝐶D¦D§r 	 4 – 31 
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𝐶r = 𝐶S + (𝐶H− 𝐶S)𝑒𝑥𝑝 « 𝑙ℎ 𝑒𝑥𝑝(−ℎ𝑡) + 𝑗𝑘 𝑒𝑥𝑝(−𝑘𝑡) − 𝑙ℎ
− 𝑗𝑘¬
⎩⎪⎪
⎨⎪
⎪⎧¥2𝑐𝑜𝑠(𝜇Q𝑦)𝑠𝑖 𝑛( 𝜇Q𝑙4)𝜇Q𝑙4 + 𝜇Q 𝑘′𝐷𝜇Q4 + 𝑘′𝐷4
S
Q§r 𝑒𝑥𝑝 «𝜇Q4 𝑏𝑚 𝑒𝑥𝑝(−𝑚𝑡) − 𝑏𝑚¬
⎭⎪⎪
⎬⎪
⎪⎫	
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𝐶D= 	𝑒𝑥𝑝 «𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝑡)+ 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝑡)¬ 1𝑙r¥2𝑐𝑜𝑠(𝜇Q𝑦)𝑐𝑜𝑠	(𝜇Q𝑦¯H)𝑙4 + 𝑘′𝐷𝜇Q4 + 𝑘′𝐷4
S
Q§r 𝑒𝑥𝑝 °𝜇Q4 ±𝑏𝑚 𝑒𝑥𝑝(−𝑚𝑡)²³
∗ ¢ 〈𝛼¯ 𝑒𝑥𝑝(−𝛽𝜏) 𝑒𝑥𝑝 «− 𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝜏)RH− 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝜏)¬ 𝑒𝑥𝑝 °𝜇Q4 ±− 𝑏𝑚 𝑒𝑥𝑝(−𝑚𝜏)²³〉 𝑑𝜏+ 𝑒𝑥𝑝 «𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝑡)+ 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝑡)¬ 2𝑙r ¥𝑐𝑜𝑠(𝑛𝜋𝑥𝑙r )𝑐𝑜𝑠(𝑛𝜋𝑥¯H𝑙r )𝑒𝑥𝑝 ·𝑛4𝜋4𝑙r4  𝑏𝑚 𝑒𝑥 𝑝(−𝑚𝑡)¸SQ§r∗¥2𝑐𝑜𝑠(𝜇Q𝑦)𝑐𝑜𝑠	(𝜇Q𝑦¯H)𝑙4 + 𝑘′𝐷𝜇Q4 + 𝑘′𝐷4
S
Q§r 𝑒𝑥𝑝 °𝜇Q4 ±𝑏𝑚 𝑒𝑥𝑝(−𝑚𝑡)²³
∗ ¢ 〈𝛼¯ 𝑒𝑥𝑝(−𝛽𝜏) 𝑒𝑥𝑝 «− 𝑙ℎ 𝑒𝑥 𝑝(−ℎ𝜏)RH− 𝑗𝑘 𝑒𝑥 𝑝(−𝑘𝜏)¬ 𝑒𝑥𝑝 ·𝑛4𝜋4𝑙r4 − 𝑏𝑚 𝑒𝑥 𝑝(−𝑚𝜏)¸ 𝑒𝑥𝑝 °𝜇Q4 ±− 𝑏𝑚 𝑒𝑥𝑝(−𝑚𝜏)²³〉 𝑑	
𝜇𝑡𝑎𝑛(𝜇𝑙4) = 𝑘𝐷	
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Appendix B: MATLAB Codes  
Note: The MATLAB codes provided here can be run with any arbitrary values for the 
constant in the model. The inputs of the model are k, the surface factor, the geometry of the mode, 
diffusion’s function arbitrary parameters, source function arbitrary parameters, number of source 
terms in the domain, hydration function’s arbitrary parameters, and boundary condition 
parameters. The entire domain is then meshed into 1 mm by 1 mm squares to find the solution on 
each point. The fineness of the model can be increased by decreasing the size of the mesh.  
The obtained results of the model are then compared with the provided experimental values 
and the accuracy of the prediction is then calculated.  
Appendix B.1: MATLAB code for calculating total moisture loss 
%% 
%BLOCK#1  
%Defining the arbitrary parameters and constants used  
  
clc 
clear 
k=3.8e-8; %Surface factor 
  
%Sample Geometry 
l1=0.052; %Length of the sample in meters 
l2=0.198; %Depth of the sample in meters 
  
%Diffusion function's arbitrary parameters 
D=3e-11;      
    b=D; 
    m=1e-7; 
  
%Source function's arbitrary parameters 
Alpha = 1.0910E-06; 
Beta1 = 2.3588e-6; 
Beta2 = 1.8588e-6; 
  
%Determining the location of the source terms 
NumberofLWAinX=3; %Number of source terms in Length 
NumberofLWAinY=4*(NumberofLWAinX+1)-1; %Number of source term in Depth 
X0=zeros(NumberofLWAinX); %X location of the source terms 
Y0=zeros(NumberofLWAinY); %Y location of the source terms 
for TT=1:NumberofLWAinX 
    X0(TT)=TT*l1/(NumberofLWAinX+1); 
end 
for TT=1:NumberofLWAinY 
    Y0(TT)=TT*l2/(NumberofLWAinY+1); 
end 
TotalLWA=NumberofLWAinX*NumberofLWAinY; 
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LWA=zeros(TotalLWA,2); 
CounterPP=1; 
    for PP=1:NumberofLWAinX 
        for LL=1:NumberofLWAinY 
            LWA(CounterPP,1)=X0(PP); 
            LWA(CounterPP,2)=Y0(LL); 
            CounterPP=CounterPP+1; 
        end 
    end 
Alpha=Alpha/TotalLWA; 
  
%Hydration function's parameters 
h=7.574e-6; 
l=3.779e-6; 
kkk=2.523e-8; 
jjj=1.020e-7; 
  
 
%Boundary conditions 
C0=342; %Initial concentration for 0.34 w/c ratio  
cinf=40; %Concentration at t=infinity 
g=cinf*k/D; 
k=k/D; 
  
%% 
%BLOCK # 2 
%Root finder 
f = @(x) (x.*tan(x*l2)-k); 
N = 50; % Fineness of the search, bigger is finer 
z = zeros(1,N); 
root=zeros(1,100); 
counterroot =1; 
jj=0; 
numberofroots = 50; 
  
while counterroot<numberofroots+1 
    for n=1:N 
        try 
            z(n) = fzero(f,jj+[(n-1)/N n/N]); 
            if abs(f(z(n)))>1e-8 
                z(n) = 0; 
            else 
                 
                root(1,counterroot)=z(n); 
                counterroot = counterroot+1 
            end 
        catch 
        end 
    end 
    jj=jj+1; 
end 
y=root; 
  
%Determining the accuracu of the root finder 
Temptest=0; 
for i=1:numberofroots 
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    Temptest=Temptest+f(y(i))^2; 
end 
Temptest=sqrt(Temptest)/numberofroots 
  
%Root plotter versusu the actual function 
xxx = 0:pi/5000:200*pi; 
yyy = f(xxx); 
plot(y(1,1:numberofroots),zeros(1,numberofroots),'o',xxx,yyy) 
line([0 200*pi],[0 0],'color','black') 
axis([0 200*pi -1000.0 3000.0])  
  
%% 
%BLOCK #3 
  
%Plotting the moisture concentration for X, Y, and t 
Xinterval=0.001; 
X = 0:Xinterval:l1; 
XCOUNT = floor(l1/Xinterval)+1; 
  
Yinterval=0.001; 
Y = 0:Yinterval:l2; 
YCOUNT = floor(l2/Yinterval)+1; 
  
tinterval=3600; 
tlimit=3600*24*27; %Final time 
tinital=3600*24*3; %Initial time 
T = [tinital:tinterval:tlimit]; 
tcount=(tlimit-tinital)/tinterval+1; 
C1=zeros(1,tcount); 
C2=zeros(1,tcount); 
C3=zeros(1,tcount); 
C4=zeros(1,tcount); 
C=zeros(1,tcount); 
%For calcuating the moisture loss, the moisture concentration only at the 
%exposed surface should be calculated 
i=26; 
j=199; %i.e. the exposed surface 
 
%Parallel computing (with a minimum of 10 workers) to increase the speed of 
computation 
        parfor p=1:tcount 
            p 
            temp1=0; 
            temp2=0; 
            temp3=0; 
            temp4=0; 
            for q=1:numberofroots 
                Landa=y(1,q); 
                 
                %C1, Initial condition and boundary condition 
                
temp1=temp1+(cos(Landa*Y(j)))*sin(Landa*l2)/((((k*Landa)/((La
nda^2+k^2)))+l2*Landa))... 
   *exp(Landa*Landa*(b/m)*((exp(-m*(T(p))))-1)); 
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                %Cs, Source temrs: 
INT2=@(x) exp(-Landa*Landa*(b/m)*exp(-m*(x))).*(Alpha*exp(-
Beta*(x+24*3600))).*... 
   (exp((-l/h)*exp(-h*(x))+(-jjj/kkk)*exp(-kkk*(x)))); 
                tempint2=integral(INT2,0,T(p)); 
                for L=1:TotalLWA 
                    x0=LWA(L,1); 
                    y0=LWA(L,2); 
temp2=temp2+exp((l/h)*exp(-h*(T(p)))+(jjj/kkk)*exp(-
kkk*(T(p))))...                                                            
*(2/l1)*(cos(Landa*Y(j)))*cos(Landa*y0)/((((k)/((Landa^2+
k^2)))+l2))*... 
                       exp(Landa*Landa*(b/m)*exp(-m*(T(p))))*tempint2; 
                    for r=1:5 
INT3=@(x) exp(-Landa*Landa*(b/m)*exp(- 
m*(x))).*(Alpha*exp(-Beta*(x+24*3600))).*... 
                       (exp((-l/h)*exp(-h*(x))+(-jjj/kkk)*exp(-kkk*(x))))... 
                        .*exp(-r*r*pi*pi/l1^2*(b/m)*exp(-m*(x))); 
                    tempint3=integral(INT3,0,T(p)); 
temp3=temp3+exp((l/h)*exp(-h*(T(p)))+(jjj/kkk)*exp(-
kkk*(T(p))))... 
                   *(2/l1)*(cos(r*pi*X(i)/l1)*cos(r*pi*x0/l1))*... 
                    exp(r*r*pi*pi/l1^2*(b/m)*exp(-
m*(T(p))))*(2*cos(Landa*Y(j)))*cos(Landa*y0)/((((k)/((Lan
da^2+k^2)))+l2))*... 
                    exp(Landa*Landa*(b/m)*exp(-m*(T(p))))*tempint3; 
                   end 
                end  
            end 
            C2(1,p)=temp2+temp3; %Source terms 
            C1(1,p)=cinf+(-cinf+C0)*2*(exp((l/h)*((exp(-h*(T(p))))-1)... 
                +(jjj/kkk)*((exp(-kkk*(T(p))))-1)))*temp1; 
            C(1,p)=C1(1,p)+C2(1,p); 
             
        end 
%% 
%BLOCK #4 
  
%Comparing the modeling results versus experimental data and calculating the 
percent error 
  
%Calculating rate of moisture loss at the exposed surface 
DeltaCy=g-k*C(end,:); 
J=-D*DeltaCy; 
Evap=zeros(tcount-1,1); 
Evap(1)=tinterval*(J(1)+J(2))/2; 
  
%Integrating the rate in time to calculate total moisture loss 
for i=2:tcount-1 
    Evap(i)=Evap(i-1)+tinterval*(J(i)+J(i+1))/2; 
end 
Evap=Evap*l1*l1; 
TotMass=(2007)*l1*l2*l1; 
Evapperc=Evap/TotMass*100; 
Evapperc=[0;0;0.24;0.24+Evapperc]; 
Time=T*(1/(3600*24)); 
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Time=Time+1; 
Time=Time.'; 
Time=[0;1;Time]; 
Time=Time(1:length(Time)); 
figure 
plot(Time,Evapperc); 
  
%Calculating the percent error of the predicted results 
k3=find(Time==4); 
k7=find(Time==7); 
k14=find(Time==14); 
k21=find(Time==21); 
k28=find(Time==28); 
FINALEvap=[Evapperc(k3) Evapperc(k7) Evapperc(k14)... 
    Evapperc(k21) Evapperc(k28)]; 
Experiment=[0.24 0.33 0.45 0.53 0.58]; 
hold on 
XXx=[4 7 14 21 28]; 
scatter(XXx,Experiment); 
Varevap=0; 
for i=2:5 
    Varevap=Varevap+(FINALEvap(1,i)-Experiment(1,i))^2; 
end 
Varevap=100*(Varevap^0.5)/4; 
FINALEvap=FINALEvap'; 
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Appendix B.2: MATLAB code for calculating moisture 
concentration 
%% 
%BLOCK#1  
%Defining the parameters 
  
clc 
clear 
k=3.8e-8; %Surface factor 
  
%Sample Geometry 
l1=0.052; %Length of the sample in meters 
l2=0.198; %Depth of the sample in meters 
  
%Diffusion function's parameters 
D=3e-11;      
    b=D; 
    m=1e-7; 
  
%Source function's parameters 
Alpha = 1.0910E-06; 
Beta = 2.3588e-6; 
  
%Determining the location of the source terms 
NumberofLWAinX=3; %Number of source terms in Length 
NumberofLWAinY=4*(NumberofLWAinX+1)-1; %Number of source term in Depth 
X0=zeros(NumberofLWAinX); %X location of the source terms 
Y0=zeros(NumberofLWAinY); %Y location of the source terms 
for TT=1:NumberofLWAinX 
    X0(TT)=TT*l1/(NumberofLWAinX+1); 
end 
for TT=1:NumberofLWAinY 
    Y0(TT)=TT*l2/(NumberofLWAinY+1); 
end 
TotalLWA=NumberofLWAinX*NumberofLWAinY; 
LWA=zeros(TotalLWA,2); 
CounterPP=1; 
    for PP=1:NumberofLWAinX 
        for LL=1:NumberofLWAinY 
            LWA(CounterPP,1)=X0(PP); 
            LWA(CounterPP,2)=Y0(LL); 
            CounterPP=CounterPP+1; 
        end 
    end 
Alpha=Alpha/TotalLWA; 
  
%Hydration function's parameters 
h=7.574e-6; 
l=3.779e-6; 
kkk=2.523e-8; 
jjj=1.020e-7; 
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%Boundary conditions 
C0=342; %Initial concentration for 0.34 w/c ratio  
cinf=40; %Concentration at t=infinity 
g=cinf*k/D; 
k=k/D; 
  
%% 
%BLOCK # 2 
%Root finder 
f = @(x) (x.*tan(x*l2)-k); 
N = 50; % Fineness of the search, bigger is finer 
z = zeros(1,N); 
root=zeros(1,100); 
counterroot =1; 
jj=0; 
numberofroots = 50; 
  
while counterroot<numberofroots+1 
    for n=1:N 
        try 
            z(n) = fzero(f,jj+[(n-1)/N n/N]); 
            if abs(f(z(n)))>1e-8 
                z(n) = 0; 
            else 
                 
                root(1,counterroot)=z(n); 
                counterroot = counterroot+1 
            end 
        catch 
        end 
    end 
    jj=jj+1; 
end 
y=root; 
  
%Determining the accuracu of the root finder 
Temptest=0; 
for i=1:numberofroots 
    Temptest=Temptest+f(y(i))^2; 
end 
Temptest=sqrt(Temptest)/numberofroots 
  
%Root plotter versusu the actual function 
xxx = 0:pi/5000:200*pi; 
yyy = f(xxx); 
plot(y(1,1:numberofroots),zeros(1,numberofroots),'o',xxx,yyy) 
line([0 200*pi],[0 0],'color','black') 
axis([0 200*pi -1000.0 3000.0])  
  
%% 
%BLOCK #3 
  
%Plotting the moisture concentration for X, Y, and t 
Xinterval=0.001; 
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X = 0:Xinterval:l1; 
XCOUNT = floor(l1/Xinterval)+1; 
  
Yinterval=0.001; 
Y = 0:Yinterval:l2; 
YCOUNT = floor(l2/Yinterval)+1; 
  
tcount=length(T); 
C1=zeros(XCOUNT,YCOUNT,tcount); 
C2=zeros(XCOUNT,YCOUNT,tcount); 
C3=zeros(XCOUNT,YCOUNT,tcount); 
C4=zeros(XCOUNT,YCOUNT,tcount); 
C=zeros(XCOUNT,YCOUNT,tcount); 
 
%Parallel computing (with a minimum of 10 workers) to increase the speed of 
computation 
parfor i=1:XCOUNT 
    i; 
    for j=1:YCOUNT 
 
        for p=1:tcount 
            p 
            temp1=0; 
            temp2=0; 
            temp3=0; 
            temp4=0; 
            for q=1:numberofroots 
                Landa=y(1,q); 
                 
                %C1, Initial condition and boundary condition 
                
temp1=temp1+(cos(Landa*Y(j)))*sin(Landa*l2)/((((k*Landa)/((La
nda^2+k^2)))+l2*Landa))... 
   *exp(Landa*Landa*(b/m)*((exp(-m*(T(p))))-1)); 
                 
                %Cs, Source temrs: 
INT2=@(x) exp(-Landa*Landa*(b/m)*exp(-m*(x))).*(Alpha*exp(-
Beta*(x+24*3600))).*... 
   (exp((-l/h)*exp(-h*(x))+(-jjj/kkk)*exp(-kkk*(x)))); 
                tempint2=integral(INT2,0,T(p)); 
                for L=1:TotalLWA 
                    x0=LWA(L,1); 
                    y0=LWA(L,2); 
temp2=temp2+exp((l/h)*exp(-h*(T(p)))+(jjj/kkk)*exp(-
kkk*(T(p))))...                                                            
*(2/l1)*(cos(Landa*Y(j)))*cos(Landa*y0)/((((k)/((Landa^2+
k^2)))+l2))*... 
                       exp(Landa*Landa*(b/m)*exp(-m*(T(p))))*tempint2; 
                    for r=1:5 
INT3=@(x) exp(-Landa*Landa*(b/m)*exp(- 
m*(x))).*(Alpha*exp(-Beta*(x+24*3600))).*... 
                       (exp((-l/h)*exp(-h*(x))+(-jjj/kkk)*exp(-kkk*(x))))... 
                        .*exp(-r*r*pi*pi/l1^2*(b/m)*exp(-m*(x))); 
                    tempint3=integral(INT3,0,T(p)); 
temp3=temp3+exp((l/h)*exp(-h*(T(p)))+(jjj/kkk)*exp(-
kkk*(T(p))))... 
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                   *(2/l1)*(cos(r*pi*X(i)/l1)*cos(r*pi*x0/l1))*... 
                    exp(r*r*pi*pi/l1^2*(b/m)*exp(-
m*(T(p))))*(2*cos(Landa*Y(j)))*cos(Landa*y0)/((((k)/((Lan
da^2+k^2)))+l2))*... 
                    exp(Landa*Landa*(b/m)*exp(-m*(T(p))))*tempint3; 
                   end 
                end  
            end 
            C2(i,j,p)=temp2+temp3;%Source terms 
            C1(i,j,p)=cinf+(-cinf+C0)*2*(exp((l/h)*((exp(-h*(T(p))))-1)... 
                +(jjj/kkk)*((exp(-kkk*(T(p))))-1)))*temp1; 
            C(i,j,p)=C1(i,j,p)+C2(i,j,p); 
             
        end 
%% 
%BLOCK #4 
  
%Plotting the results 
surf(C(:,:,1)) 
xlabel('y, mm') 
ylabel('x, mm') 
zlabel('C, kg/m3') 
set(gca,'FontSize',20,'FontName','Times New Roman') 
colormap(flipud(jet)) 
colorbar('northoutside') 
 
